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SELF-CONSISTENT INCLUSION OF SPACE-CHARGE I N  THE TRAVELING WAVE TUBE 

I 

Jon C.  Freeman 
Nat ional  Aeronautics and Space Admin is t ra t ion  

Lewis Research Center 
Cleveland, Ohio 44135 

SUMMARY 

We show how t h e  complete f i e l d  o f  t h e  e l e c t r o n  beam may be incorpora ted  
i n t o  the  t ransmiss ion l i n e  model theory  o f  t h e  t r a v e l i n g  wave tube (TWT). The 
f a c t  t h a t  t he  l o n g i t u d i n a l  component o f  the f i e l d  due t o  the bunched beam i s  
n o t  used when fo rmula t ing  the  beam-to-circuit coupl ing equat ion i s  no t  w e l l -  
known. The fundamental p a r t i a l  d i f f e r e n t i a l  equat ion f o r  t he  t r a v e l i n g  wave 
f i e l d  i s  developed and compared w i t h  the o l d e r  (now standard) ones. The new 
equat ion can be solved numer ica l l y  using the same a lgor i thms,  bu t  now t h e  coef- 
f i c i e n t s  can be updated cont inuously  as the c a l c u l a t i o n  proceeds down t h e  tube. 
The c o e f f i c i e n t s  i n  t h e  o l d e r  equat ion a r e  p r i m a r i l y  der ived from p re l im ina ry  
measurements and some t r i a l  and e r r o r .  The newer c o e f f i c i e n t s  can be found by 
a recurs ive  method, s ince each has a w e l l  de f ined phys ica l  i n t e r p r e t a t i o n  and 
can be ca lcu la ted  once a reasonable f i r s t  t r i a l  s o l u t i o n  i s  postu la ted.  We 
compare the  r e s u l t s  of t h e  new expression w i t h  those o f  t h e  o l d e r  forms, as 
w e l l  as t o  a f i e l d  theory model t o  show t h e  ease i n  which a reasonable f i t  t o  
the  f i e l d  p r e d i c t i o n  i s  obtained. 
s ion  l i n e  modeling of t he  TWT i s  g iven t o  exp la in  the  somewhat vague ideas and 
techniques i n  the  general area o f  d r i f t i n g  c a r r i e r - t r a v e l i n g  c i r c u i t  wave 
in te rac t i ons .  
theory and areas of confusion i n  the  general l i t e r a t u r e  a re  examined and hope- 
f u l l y  c leared up. 

A complete summary o f  t he  e x i s t i n g  t ransmis- 

The basic assumptions and incons is tenc ies  o f  t h e  e x i s t i n g  

INTRODUCTION 

The main t h r u s t  o f  t h i s  r e p o r t  i s  t o  i n d i c a t e  how t h e  forces o f  t h e  
space-charge i n  the  e l e c t r o n  beam may be incorporated i n t o  the  general theory  
o f  the t r a v e l i n g  wave tube (TWT) i n  a se l f -cons is tent  manner. 
analyses, t he  i n c l u s i o n  o f  t h e  space-charge forces has been done i n  a huer is -  
t i c  manner. Th is  f a c t ,  however, i s  seldom s ta ted  i n  most o f  t h e  l i t e r a t u r e .  
It should be mentioned t h a t  nea r l y  a l l  t h e  t heo r ies  and analyses a v a i l a b l e  i n  
the  open l i t e r a t u r e  t o  date, r e l y  on t h i s  somewhat subt le ,  bu t  ad hoc method 
o f  i nco rpo ra t i ng  the  "space-charge e f f e c t . "  Perhaps the  e a r l i e s t  c l e a r  expla- 
na t i on  o f  t h e  neg lec t  o f  space-charge forces was g iven by Nordsieck ( r e f .  29). 
The paper was concerned w i t h  the  l a r g e  signal  ana lys is  o f  the  TWT, we quote, 
"Probably t h e  most ser ious approximation made i n  the  work i s  the assumption 
t h a t  the  e lec t rons  a re  accelerated by the e l e c t r i c  f i e l d s  o f  t h e  c i r c u i t  only,  
n o t  by the  f i e l d s  o f  ne ighbor ing electrons (neg lec t  o f  space-charge fo rces) .  
No s a t i s f a c t o r y  way has been found t o  include these space-charge fo rces  I n  the  
c a l c u l a t i o n  w i thou t  an unwarranted increase i n  labor .  Thus t h e  r e s u l t s  a re  
s t r i c t l y  app l i cab le  on ly  t o  very small experimental beam dens i t i es ;  however, 
i t  i s  f e l t  t h a t  a t  a l l  beam cu r ren t  dens i t ies  used i n  p rac t i ce ,  t h e  on ly  s e r i -  
ous e f f e c t  o f  t h e  space-charge forces i s  t o  reduce the  high-harmonic content  

I n  e a r l i e r  



o f  t h e  beam below t h a t  ca lcu la ted . "  
t i a l  equation f o r  t he  vo l tage wave induced on the  c i r c u i t  by t h e  bunched e lec-  
t ron beam 

The paper then g ives the  p a r t i a l  d i f f e r e n -  

where uo2 = l/(LoCo), Zo = t- have been used. Here V i s  t h e  vo l tage 
induced on the equiva lent  t ransmiss ion l i n e  which models t h e  ac tua l  slow-wave 
c i r c u i t ,  Lo and Co are  t h e  e f f e c t i v e  inductance and capaci tance pe r  u n i t  
leng th  o f  t h i s  t ransmission l i n e .  The f o r c i n g  func t i on  on t h e  r i g h t  s ide  pa 
i s  t he  l i nea r  charge dens i t y  (charge per  u n i t  length)  o f  t h e  bunched e l e c t r o n  
beam. 

A very de ta i l ed  large-s ignal  s tudy o f  t he  TWT was performed by Rowe 
( r e f .  43) and Detwe i le r  ( r e f .  30), and the  r e s u l t i n g  computer program has 
become the  b a s i s  of some a n a l y t i c a l  procedures used i n  tube design a t  both 
NASA and Hughes A i r c r a f t  ( p r i v a t e  communications). The method o f  handl ing 
space-charge i s  again very approximate f o r  t he  f o l l o w i n g  reasons. 
a l l  the  basic equat ion f o r  t he  induced vo l tage can take  on two d i f f e r e n t  
forms. The most basic one being 

F i r s t  o f  

- - - - - - - -  a2V 1 a2V 2wCd aV _ - -  ' 0  - + 2wCd at "Q] 
o a t  2 2 2 %  a t  U az uo2 a t  uo 

where C and d are  t h e  ga in  and loss  parameters respec t i ve l y .  Inspec t ion  
shows t h i s  fo rm reduces t o  the  e a r l i e r  equat ion when t h e  l oss  parameter goes 
t o  zero. A seGond form f o r  t h i s  equat ion i s  

where now at  
t h e  bunched beam. The term UQ i s  ca l cu la ted  as fo l lows;  t h e  d e f i n i n g  expres- 
s ion  i s  

i s  an equ iva len t  induced charge dens i t y  on t h e  c i r c u i t  due t o  

i: u = 2n Q 

Here  Jr(r) i s  a coupl ing f u n c t i o n  
i n  the  l i m i t  where pa i s  zero. 
a re  the  dc charge dens i t y  and beam 
t e r m  b l  i s  the beam diameter, zn 

t h a t  must be approximated, and i t  i s  found 
he angular frequency i s  w and p o l  ro 
rad ius  a t  t he  entrance t o  t h e  tube. The 
i s  a re ference plane, w h i l e  z i s  t he  d i s -  

tance along the tube. We quote fFom t h e  t h e s i s  ( r e f .  30) on p. 66, " t h i s  COU- 
p l i n g  funct ion i s  seen t o  have the  same form as t h a t  f o r  a t h i n  ho l low stream 
( c f .  Rowe, ref. 10) which i s  a consequence of neg lec t i ng  t h e  r-f charge i n  t h e  
stream. Admittedly, neg lec t  o f  t h e  r-f stream charge i n  determin ing t h e  
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coupl ing funct ions i s  an approximation. 
approximation should be small and seems w e l l  j u s t i f i e d ,  e s p e c i a l l y  i n  view o f  
t he  considerable complexi ty o f  so l v ing  t h e  problem exac t ly . "  
ment appears on p. 51 of t he  review paper ( r e f .  31) by Rowe and Detwei ler .  

However, t he  o v e r a l l  e f f e c t  o f  t h i s  

A s i m i l a r  s ta te -  

It i s  no t  c l e a r  t o  the  present author t h a t  t h e  assumptions o f  e i t h e r  com- 
p l e t e l y  i gno r ing  the  space-charge o r  f i nd ing  the  coup l ing  func t i on  i n  t h e  
l i m i t  when the  space-charge dens i t y  goes t o  zero, a re  e a s i l y  j u s t i f i e d .  
appears t h a t  s ince no way could be found t o  i nc lude  it, i t  was j u s t  convenient 
t o  make whatever assumptions necessary t o  ob ta in  a so lu t i on .  The main objec- 
t i v e  of t h i s  repo r t  i s  t o  inc lude the  space-charge i n t o  t h e  theory  i n  a s e l f -  
cons is ten t  manner, and t o  t e s t  t he  new resu l t s  aga ins t  t he  o l d e r  ones t o  f i n d  
out  i f  indeed the  o l d e r  assumptions are  acceptable. It i s  s u r p r i s i n g  tha t ,  t o  
the  au thor 's  knowledge, on ly  one published paper i n  t h e  l i t e r a t u r e  ( r e f .  35) 
has attempted t o  compare the  computed tube parameters w i t h  those obtained from 
measurements. This paper w i l l  be discussed i n  a l a t e r  sec t ion .  It i s  perhaps 
su rp r i s ing  t h a t  t he  TWT theory i s  no t  on a f i r m e r  foundat ion than t h a t  ind ica-  
ted  above. I n  view of t h i s ,  t h e  considerable l eng th  o f  t h e  r e p o r t  i s  thought 
t o  be necessary t o  s t a t e  our pos i t i on ,  as w e l l  as exp la in  our  c o n t r i b u t i o n  t o  
the  theory.  

It 

I n  most textbooks the  theory and analysis o f  t he  TWT i s  presented along 
the  l i n e s  o f  P ie rce ' s  t ransmiss ion l i n e  model ( r e f s .  1 t o  19) .  This model has 
a l so  become the  standard f o r  many discussions o f  t h e  TWT and r e l a t e d  beam 
devices i n  t h e  general l i t e r a t u r e .  The cent ra l  expression f o r  the  theory  i s  
t he  beam-to-circui t  (BTC) coupl ing equation s ta ted  e a r l i e r .  

a2v a2v acPR 

az  2 Loco ,t2 = - Lo a t *  
- -  

When v a r i a t i o n  o f  t he  form e j a t - r z  i s  used, we f i n d  

2 av -Kr, r 

r - rl 
y = - - - 

az - 2 2 i  

where i i s  the  a b am cur ren t ,  and K i s  t h e  ch r a c t e  
the  l i n e .  The theory  i s  a c t u a l l y  i n t e r n a l l y  i ncons is ten t  

i t i c  impedance o f  
i n  t h a t  t he  approx i -  

mations needed t o  de ie lop  a l l  o f - t h e  above forms f o r  t h e  BTC ( i n c l u d i n g  the  
second form by Detwe i le r  us ing the  coupling f u n c t i o n  q ( r ) ,  e s s e n t i a l l y  neg lec t  
the  l o n g i t u d i n a l  f l u x  o f  t h e  space-charge. However, t h i s  f l u x  i s  inc luded i n  
the  equat ion o f  mot ion f o r  the  e lec t ron  beam. To be cons is ten t ,  t h i s  f l u x  and 
i t s  forces should be inc luded i n  t h e  BTC as w e l l  as t h e  equat ion o f  motion i n  
a se l f - cons i s ten t  manner. 
e i t h e r  unnot iced o r  neglected, i s  due t o  the  extreme f l e x i b i l i t y  o f  t he  model. 
This model, by necess i ty ,  must have a t  l e a s t  two f i t  parameters, which may be 
cont inuously  ad justed t o  match theory t o  experiment. Thus any consistency 
problems a re  e f f e c t i v e l y  screened by appropr ia te adjustment i n  the  parame- 
t e r s .  Thus the  basic parameters o f  the theory, C t h e  ga in  parameter, and 
Q C  t he  space-charge parameter, r e a l l y  are c u r v e - f i t  der ived q u a n t i t i e s ,  and 
are  no t  r e a l l y  based on fundamental concepts as i s  o f t e n  assumed o r  imp l ied  i n  
the  l i t e r a t u r e .  

One reason t h i s  c o m p a t i b i l i t y  problem has gone 

It i s  a l so  i n t e r e s t i n g  tha t  the  th ree  waves pred ic ted  by t h e  
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model have never been d i r e c t l y  v e r i f i e d  by any publ ished exper imental  r e s u l t s  
( p r i v a t e  communication w i t h  A.S. Gilmour). 

When t h e  l o n g i t u d i n a l  f l u x  o f  t h e  space-charge i s  inc luded i n  the  analy-  
s i s  i n  a se l f -cons is tent  manner, t he  BTC can be w r i t t e n  i n  any o f  t h e  fo l l ow-  
i n g  forms; 

- - = -  a2v Lo ( l  - R 2 ) - aLpa 2 
a " -  
az2 Loco at2 a t 2  

2 
a2v - = -  a2v - -  a pa a4v - -  
az 2 Loco at2 a t 2  LoCoAl g at 2,,2 

2 3 
- -  c A f -  a p a  a pa - -  a2v a2v - -  2 az - Loco at2 a t 2  Lo 0 1 at3 

where c 0  and A1 are  the  p e r m i t t i v i t y  and cross-sect ional  area o f  t h e  beam. 
The quan t i t y  R i s  t he  space-charge reduc t ion  f a c t o r ,  and the  f a c t o r s  g 
and f w i l l  be def ined l a t e r .  I n  t h e  next  sect ions we w i l l  develop equat ion 
(2 )  and compare the  propagat ion constants obtained from i t  w i t h  those devel-  
oped from t h e  o r i g i n a l  "P ierce"  technique, where C and Q C  a re  t h e  f i t  
parameters, along w i t h  the  "conventional11 approach, where the  f i t  parameters 
a re  C and R. Then these r e s u l t s  w i l l  be compared t o  a " f i e l d  theory"  analy-  
s i s  developed by Chu and Jackson ( r e f .  32). The comparisons w i l l  be c a r r i e d  
ou t  us ing  data f o r  the  Western E l e c t r i c  444A, 5W, 6 GHz tube. 

The basic "P ierce"  theory,  being r a t h e r  o l d  and reasonably establ ished,  
due p r i m a r i l y  t o  i t s  longev i ty ,  has been used t o  study t h e  i n t e r a c t i o n  o f  
d r i f t i n g  ca r r i e rs  i n  semiconductors and ex terna l  t r a v e l i n g  waves; bo th  acoust ic  
( r e f .  20) and electromagnet ic ( r e f s .  21 t o  28). The neg lec t  o f  inter-bunch 
fo rces  ( t h e  "space-charge e f f e c t , "  i n  tube d iscuss ions)  i s  h i g h l y  quest ionable 
i n  so l id -s ta te  plasmas, where the  charge dens i t y  i s  very high. It appears the  
authors o f  these papers were n o t  aware o f  t he  seldom ( i f  ever)  mentioned 
r e s t r i c t i o n  o f  neglect  o f  t he  l o n g i t u d i n a l  f l u x  ( in ter -bunch fo rces)  i n  TWT 
theory.  This f a c t  punctuates the  no t i on  t h a t  t he  i n t e r n a l  inconsis tency o f  
t h e  TWT analys is  i s  genera l l y  n o t  considered important,  o r  more probably n o t  
known t o  the general e l e c t r i c a l  engineer ing community. As a ma t te r  o f  f a c t ,  
t he  two rather  c l e a r  quotes c i t e d  above are  t h e  on ly  ones known t o  t h e  author  
t h a t  c l e a r l y  s p e l l  ou t  the  t r u e  nature o f  t he  approximations i n  t h e  theory.  

The r e p o r t  t races  the r a t h e r  sketchy and uneven development of t h e  theory  
t o  date.  The reasons why the  inter-bunch f l u x  was o r i g i n a l l y  omi t ted  ( i n i -  
t i a l l y  unknown t o  Pierce)  i s  expla ined i n  d e t a i l .  The subsequent at tempts t o  
i nc lude  it, by i nco rpo ra t i ng  i t  i n t o  j u s t  t he  equat ion o f  mot ion i s  presented. 
The inconsistency o f  t h i s  procedure i s  thoroughly  explained. These po in ts ,  
though important, a re  t rea ted  i n  separate appendices, i n  an at tempt t o  s o r t  
ou t  some very confusing and i n c o r r e c t  statements i n  t h e  l i t e r a t u r e .  
t h a t  the  transmission l i n e  model (TLM) f o r  t h e  h e l i x  fo l lows d i r e c t l y  from 
Maxwel l 's  equations, and i n  t h a t  respect, r e s t s  on f i r m  f o o t i n g .  
P ierce chose t o  abandon any r e a l  f a i t h  i n  t h e  equ iva len t  t ransmiss ion l i n e  
(see p. 112 of h i s  t e x t ,  r e f .  3), as he and o thers  were a t tempt ing  t o  p u t  t h e  

We show 

S u r p r i s i n g l y  
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i n i t i a l  ideas onto a f i r m e r  foundat ion.  This v a c i l l a t i o n  i s  i n  p a r t  t h e  cause 
o f  some of the  confusion i n  the  theory .  The s t r u c t u r e  o f  t h e  r e p o r t  (many 
appendices), i s  due i n  p a r t  t o  t h e  ra the r  d i s j o i n t e d  manner i n  which t h e  
theory has evolved. 
i n  t h i s  theory.  

We at tempt t o  c l a r i f y  most, i f  n o t  a l l ,  o f  t h e  confus ion 

The next  sec t ion  summarizes t h e  TLM o r i g i n a l l y  developed by Pierce. 
we develop the  new form f o r  t he  BTC coupl ing equation, which i s  equat ion (2 ) ,  
which i s  t he  main o b j e c t i v e  o f  t h e  paper. N e x t  we compare the  above models 
w i t h  a f i e l d  theory der ived r e s u l t  due t o  Chu and Jackson ( r e f .  32). Then the  
summary and f i n a l  coments a re  presented. F i n a l l y  t he  t e n  appendices address 
s p e c i f i c  po in ts  no t  covered i n  d e t a i l  elsewhere. One reason f o r  these i s  t o  
show w i thou t  quest ion,  t h a t  the  e x i s t i n g  theory i s  no t  a c losed and r igorous  
one, as i s  apparent ly  assumed i n  t h e  general e l e c t r i c a l  engineer ing community. 

Then 

TLM CONCEPTS 

The Transmission L ine Model (TLM) i s  t h a t  o f  an almost o rd ina ry  t ransmis- 
s ion  l i n e  coupled t o  a nearby e l e c t r o n  stream as shown i n  f i g u r e  1. It may be 
bene f i c ia l  t o  read the  appendices before reading f u r t h e r ,  if one i s  n o t  
extremely f a m i l i a r  w i t h  t h e  c i r c u i t  approach t o  TWT theory.  
wave guided by the  c i r c u i t ,  bunches the e lect rons i n  t h e  beam, producing an ac 
convect ion cu r ren t  i. The bunched beam reinduces the  s igna l  back onto t h e  
c i r c u i t  v i a  the  impressed cu r ren t  
space-charge waves), couple t o  t h e  spat ia l  harmonic w i t h  phase v e l o c i t y  near 
the  beam d r i f t  v e l o c i t y  uo. 
w i t h  weak coupl ing.  
propagat ion constants may be found. For v a r i a t i o n  o f  t h e  form eJat-rz,  t he  
propagat ion constants r i  must s a t i s f y  

The f i e l d  o f  t h e  

J'. The normal modes o f  t h e  beam ( c l a s s i c  

The system i s  t r e a t e d  as a coupled mode problem 
The model has been popular due t o  t h e  ease w i t h  which the  

a 
a z  

- - + r  

4 3 2 a r  + a r  + a r  + a l r + a o = O  4 3 2 

(3) 

( 4 )  

The system p red ic t s  th ree  forward waves ( thus the  name "three-wave theory" ) ,  
and one backward t r a v e l i n g  wave. The overa l l  coupl ing s t reng th  i s  r e f l e c t e d  
i n  the  gain parameter C,  which i s  on the order  o f  lo-* .  
t o r  Q i s  on the  order  o f  f i v e .  U l t imate ly  these two f i t  parameters must be 
found by comparing theory t o  an ac tua l  tube, al though some e f f o r t s  have been 
made t o  c a l c u l a t e  them. The need f o r  t w o  e s s e n t i a l l y  f r e e  f i t  parameters i s  
t h e  p r i c e  one pays f o r  t he  s i m p l i c i t y  of  the d ispers ion  r e l a t i o n  (eq. ( 4 ) ) .  

The space-charge fac-  

The development o f  t h e  TLM may be found i n  the  papers and t e x t  by Pierce 
( r e f s .  1 t o  3) .  For c l a r i t y ,  however, we w i l l  develop t h e  major r e s u l t s  i n  an 
order  and manner d i f f e r e n t  from h i s  presentat ion.  
o f  t h e  theory  may be found i n  Appendix A .  
s i s t e n t  i n c l u s i o n  o f  Ezsc  ( t h e  l ong i tud ina l  f i e l d  o f  t h e  space-charge) may be 
found. The three-wave theory  has received very d e t a i l e d  t reatment  i n  some o f  
t h e  t e x t s  c i t e d  e a r l i e r ,  and t h e  reader should consu l t  them f o r  more expanded 
explanat ions than those g iven here. The basic idea i s  i l l u s t r a t e d  i n  f i g u r e  1. 
The bunched beam forms the  ac convect ion cur ren t  1. Some o f  t h e  f l u x  l i n e s  
f rom t h e  bunches terminate on the  c i r c u i t ,  w h i l e  o thers te rmina te  w i t h i n  t h e  

A review o f  t h e  evo lu t i on  
There, t h e  reasons f o r  t h e  incon- 
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beam i t s e l f .  
cu r ren t  t ha t  couples beam energy i n t o  the  c i r c u i t  proper.  
f i ned  so le l y  t o  the  beam represent inter-bunch forces,  and c o l l e c t i v e l y  they  
c o n s t i t u t e  the so-cal led "space-charge" e f f e c t .  
posed t o  represent the coupl ing o f  t he  normal modes o f  both the  beam and c i r -  
c u i t .  The coupl ing i s  assumed weak, so a l i n e a r  theory  i s  app l i cab le .  

Those from the  beam t o  the  c i r c u i t  represent  the  displacement 
Those t h a t  a re  con- 

The composite p i c t u r e  i s  sup- 

The main equat ion t o  be solved i s  t h a t  f o r  t h e  mot ion o f  t h e  d r i f t i n g  
e lec t rons  

- Dv = - l n l  - ( E, 'kt + E,'') D t  

where EZckt 
respect ive ly .  
t h e  l e f t  side 

and 

denote the  f l u i d  o r  ' s u b s t a n t i a l "  d e r i v a t i v e .  

EzSc represent the  e l e c t r i c  f i e l d s  o f  t h e  c i r c u i t  and beam 
The supersc r ip t  sc means "space-charge.'' The c a p i t a l  D 's  on 

i s  the  charge t o  mass r a t i o  of an e lec t ron .  The c i r c u i t  f i e l d  i s  t he  f i e l d  on 
the  slow wave s t r u c t u r e  when the  beam i s  absent. 
t h a t  due t o  t he  bunched beam when the  e f f e c t s  o f  t h e  c i r c u i t  have somehow been 

The q u a n t i t y  

The space-charge f i e l d  i s  

d e f i n i t i o n  o f  ac convect ion cur-  
becomes 

removed (no s igna l  on t h e  l i n e ) .  Using t h e  
r e n t  and the c o n t i n u i t y  equation, t he  above 

To obtain the d ispers ion  equation, one 
t h e  convection cur ren t  i. The c i r c u i t  f i e  
cu r ren t  densi ty  J1 by: 

(E:'' + E:') 

must r e l a t e  Ezckt and EzSc t o  
d i s  f i r s t  r e l a t e d  t o  t h e  impressed 

-Krr 

r - rl 
EzCkt - - 2  2 Ji 

Th is  equation i s  t he  key one f o r  t he  TLM, and i t s  development may be found i n  
any o f  t h e  t e x t s  c i t e d  e a r l i e r .  
r e n t  i s  expressed as J1 = - a i / a z  which we w i l l  show imp l i es  the  neg lec t  o f  
t h e  l ong i tud ina l  f i e l d  o f  t h e  space-charge bunches. S u b s t i t u t i n g  t h i s  i n t o  
equat ion ( 6 )  y i e l d s  

However, i n  a l l  o f  them, t h e  impressed cur-  

Now we must f i n d  equations r e l a t i n g  Ji and Ezsc  t o  t h e  convect ion cur-  
r e n t  i. When t h i s  i s  accomplished, i cancels on both s ides, leav ing  the  d i s -  
pers ion  equation, ( t h e  f o u r t h  order  polynomial  g iven e a r l i e r ,  see.eq. ( 4 ) ) .  
The nex t  sect ion obta ins se l f - cons i s ten t  r e l a t i o n s h i p s  between 
and i. 

J', Ezsc 

DEVELOPMENT OF Ji 

Phys ica l ly ,  Ji i s  t o  represent the  displacement c u r r e n t  from the  beam t o  
With re ference t o  f i g u r e  2, t h e  t h e  c i r c u i t ,  note i t  has u n i t s  o f  amps/meter. 
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t o t a l  displacement cu r ren t  i n t o  the  c i r c u i t  f rom the  beam segment o f  leng th  
AZ i S  

Ji b~ = j u c o E r S C A 2  ( 9 )  

where E,'' i s  t he  r a d i a l  e l e c t r i c  f i e l d  component, and A2 i s  t h e  area of 
t he  s idewal l  of t h e  c y l i n d e r  surrounding the beam and near l y  touching the  c i r -  
c u i t .  From Maxwell 's equations i n  c y l i n d r i c a l  coordinates,  we may express 
j u c O E r S C  ( a t  a p o i n t  where p a r t i c l e  current  i s  absent) as 

I SELF-CONSISTENT METHODS 

Using Ampere's law t o  f i n d  
t i o n  and displacement p a r t s  

Hcp when the  t o t a l  cu r ren t  cons is ts  o f  both convec- 

and f u r t h e r  manipulat ion y i e l d s  

aEZSC 
joCoAl - J i = - - -  a i  

az az 

where A1 i s  t he  cross-sect ional  area of t he  beam. A second method t o  devel- 
op J i  i s  g iven i n  Appendix B, where i t  i s  shown t h a t  J1 may a l s o  be w r i t -  
t e n  as 

sc 
J i = jacoA, aEy ay 

The o r i g i n a l  form f o r  J i ,  developed by Pierce ( r e f .  3) ,  drops t h e  second 
t e r m  i n  equat ion (12) t h a t  i s ,  

~1 = - ai /az (12a) 

which neg lec ts  the  inter-bunch forces (EzSc + 0). 
becomes 

The equat ion o f  motion now 

where i t  i s  apparent t h a t  we need on ly  re la te  EzSc t o  i t o  complete t h e  
c a l c u l a t i o n .  We show i n  the  next  sec t ion  t h a t  one may use th ree  equ iva len t  
methods t o  c lose  t h e  ca l cu la t i on .  
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For a review o f  
Poi sson I s equat 

t h e  concepts associated w i t h  R, see appendix C. From 
on 

de f i ne  

then 

aE sc 
= p(1 - R 2 )  

0 aY 
E 

Use t h e  c o n t i n u i t y  equation t o  e l im ina te  p i n  equat ion (16), 

assume t h e  i n t e g r a t i o n  constant i s  zero, then 

2 

wc A 0 1  

sc - j R  
- 

which re la tes Ezsc t o  t h e  convect ion c u r r e n t  v i a  R. S u b s t i t u t i n g  i n t o  equa- 
t i o n  (14) y ie lds  

r 
Rearrange equation (19) and l i s t  i t  w i t h  t h e  "convent ional"  (see appendix D) 
space-charge reduc t i on  f a c t o r  approach, along w i t h  P ie rce ' s  o r i g i n a l  QC 
approach (see appendix A ) .  

L J 
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[r2 - r i 2 ] [ ( j P e  - r l2 - C2r2(4QC)] = -j2perlr 2 3  C 

Not ice t h a t  a l l  t h ree  may be made t o  y i e l d  nea r l y  the  same numerical roo ts  by 
appropr ia te choice o f  t h e  f i t  parameters. 
f i r s t  two,  and (Q,C) i n  t he  l a t t e r .  Not ice t h a t  t he  "convent ional "  reduc t ion  
f a c t o r  method equat ion (20b) permi ts  f i n i t e  R on t h e  l e f t  s ide  o f  t h e  equa- 
t i o n ,  w h i l e  assuming i t  t o  be zero on the r i g h t .  A l t e r n a t i v e l y  one may say 
the  f a c t o r  (1  - R2) i s  j u s t  absorbed i n t o  t h e  e f f e c t i v e  ga in  parameter C3. 
P ie rce 's  QC method a l s o  absorbs the  t e r m  (1 - R2) i n t o  the  e f f e c t i v e  ga in  
Darameter C3. and the  Q f a c t o r  may be adjusted on t h e  l e f t  s ide such t h a t  t he  

The f i t  p a i r s  a re  (R,C)  i n  t h e  

l a s t  t e r m s  i n - t h e  brackets o f  equations (2Oa) and (20c) a re  equal. 

The reduc t ion  f a c t o r  method gives Ji t h e  form 

which when used i n  equat ion ( 7 ) ,  gives the d 
c i r c u i t  vo l tage and charge dens i ty  as 

f f e r e n t i a l  equat ion r e l a t  

2 
2 Lo ( l  - R ) - a'v - =  - a 'v 

az 2 Loco at2 a t 2  
- -  

ng t h e  

comparing t h i s  w i t h  the  o l d e r  form wherein Ji i s  g iven by equat ion (12a), 

2 
a - -  - - -  a2v a2v _ -  

az 2 Loco at2 Lo at2  

Thus o n l y  the  inductance on the  r i g h t  hand s ide  i s  mod i f ied  by the  fac-  
t o r  (1  - R2) 
This shows t h e  t ransmiss ion l i n e  model has g rea t  f l e x i b i l i t y ;  t he  o l d e r  
approach o f  neg lec t ing  EzSc i n  the  impressed cu r ren t  Ji y e t  keeping i t  i n  
the  equat ion o f  motion, i s  completely screened by appropr ia te  choice o f  t h e  
f i t  parameter C3, which, i f  consistency i s  s t r i c t l y  adhered t o ,  should be 
C3 m u l t i p l i e d  by the  f a c t o r  (1 - R2). 

when space-charge i s  included i n  a se l f - cons i s ten t  manner. 

The second method t o  e l im ina te  E z s c  i s  t o  j u s t  assume 

E z s C  = f i  (24) 

where f i s  a complex f i t  parameter. This a l lows a l i t t l e  more f l e x i b i l i t y  
i n  matching up w i t h  the  f i e l d  analys is  resu l ts .  We a re  near l y  forced i n t o  
t h i s  assumption, s ince we have "used up" a l l  o f  t h e  standard equations r e l a t -  
i n g  f i e l d ,  charge, cur ren t ,  etc. ,  and i t  i s  n o t  apparent what a d d i t i o n a l  con- 
s t r a i n t s  may be found t o  t i e  down the  r e l a t i o n s h i p  between Ezsc and i. The 
u n i t s  o f  f a re  ohm/meter, so i t  i s  a d i s t r i b u t e d  impedance. S u b s t i t u t i n g  
equat ion (24)  i n t o  equat ion (14) and rearranging y i e l d s  
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Comparing wi th  equation (20a) we n o t i c e  t h i s  choice i s  equ iva len t  t o  t h e  reduc- 
t i o n  f a c t o r  method where 

R2 = -jwcoA1 f (26) 

which means the  reduct ion f a c t o r  i s  now complex. I n  t h e  pas t  R has always 
been def ined t o  be pure r e a l .  

E,SC a re  re la ted  by a complex f a c t o r  g. 
The t h i r d  scheme 1s  t o  assume t h e  c i r c u i t  Ezckt and space charge f i e l d  

The phase of g may be est imated from phys ica l  reasoning concerning t h e  energy 
exchange f r o m  the  beam t o  t h e  c i r c u i t .  
decelerat ing phase o f  t h e  c i r c u i t  wave dur ing  the  exchange, the  phase o f  g 
should be somewhere between 900 and 180" ( f i g .  3). A f t e r  s u b s t i t u t i n g  i n t o  
equat ion (6 )  and using equations ( 7 )  and (9), we ge t  

Since the  bunches should be i n  t h e  

T = W C A K  K =  0 1  ( Lo/Co) 1 '2 

The d i f f e r e n t i a l  equation f o r  t h i s  case i s  

a4v 
at2az2 

- L0coA1g 

Thus whi le  t h e  o r i g i n a l  space charge reLuc t ion  f a c t o r  approach seemed t o  
c lose  t h e  ca l cu la t i on  (s ince  
e ra t i ons ) ,  i t  was no t  incorporated c o r r e c t l y  i n t o  t h e  theory.  We have shown 
t h a t  n o t  only must i t  appear i n  two places i n  the  d i spe rs ion  polynomial  
(eq. (20a)) i t  i s  a l so  genera l l y  complex (eq. (26)) .  The complex f a c t o r s  f 
o r  g may be used interchangeably,  and they  a re  r e l a t e d  by t h e  f o l l o w i n g  
equat ion.  

R could be found from p u r e l y  geometr ical  consid- 

f I 
9 =  2 

KT r1 (1  + jwcoA1 ) 

Thus e i t h e r  a complex " reduc t ion  f a c t o r "  R o r  f ,  o r  g may be used t o  
model t h e  i n te rac t i on ;  t he  choice depends on personal  preference o r  ease i n  
which t h e i r  respect ive p a r t i a l  d i f f e r e n t i a l  equations may be solved numeri- 
c a l l y .  
nomials w i t h  t h a t  o f  t he  f i e l d  ana lys i s  by Chu and Jackson ( r e f .  32). 

The next sect ions compare t h e  r o o t  behavior o f  t h e  above q u a r t i c  po l y -  

COMPARISON OF MODELS 

A more fundamental approach t o  analyze the  TWT i s  t o  so lve Maxwel l 's  equa- 
t i o n s  subject  t o  appropr ia te boundary cond i t ions .  
type  of analyses was performed by Chu and Jackson ( r e f .  32), where t h e  h e l i x  

One o f  t h e  e a r l i e s t  f i e l d -  
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was modeled as a h e l i c a l l y  conducting sheath. 
s igna l  approximations f o r  t he  e lec t ron  beam, t h e  propagat ion constants were 
found t o  s a t i s f y  the  f o l l o w i n g  s e t  o f  equations: 

A f t e r  us ing t h e  normal smal l -  

2 p2 = -(r2 + k ) 

where (see f i g .  1) 

r a complex propagat ion constant  = rr + jri 
k W/C, t he  f r e e  space wavenumber 

t h e  plasma frequency 

UO t h e  e lec t ron  d r i f t  v e l o c i t y  

Be d u o ,  t he  e l e c t r o n i c  wavenumber 

n a complex separat ion constant  

b rad ius  o f  beam 

a rad ius  o f  h e l i c a l l y  conduct ing sheath 

Jr angle o f  p e r f e c t  conduction on the sheath 

10, 11 , 
KO 9 K1 a r e  the  modi f ied Bessel funct ions 

Unfor tunate ly ,  t h e  propagat ion constants a re  t i e d  up i n  t h e  arguments o f  
t h e  mod i f ied  Bessel func t ions .  For such a compl icated s e t  o f  t ranscendental  
equations, i t  i s  no t  immediately obvious how many propagat ion constants ri, 
1 = 1, 2, ..., may be found f o r  a g iven s e t  o f  tube parameters. Not much work 
has been done w i t h  the  above set ,  and even w i t h  computer aids,  t he  work i s  
ted ious.  C o l l i n  ( r e f .  33) presents resu l ts  f o r  a few l i m i t i n g  cases; t h a t  o f  
t h e  beam completely f i l l i n g  t h e  sheath, and t h a t  o f  f i n i t e  separat ion between 
t h e  beam and h e l i x ,  b u t  w i t h  t h e  h e l i c a l  sheath replaced by a p e r f e c t l y  con- 
duc t i ng  c y l i n d e r .  
s ion  l i n e  approach has enjoyed such popu lar i t y .  
w e l l  as those o f  scores o f  j o u r n a l  a r t i c l e s  have chosen the  TLM as the  pre- 
f e r r e d  ana lys i s  t o o l  f o r  t h e  TWT. Snyder ( r e f .  34) has addressed t h e  r a t h e r  

The complexi ty o f  the above s e t  i s  i n  p a r t  why t h e  transmis- 
The authors o f  most t e x t s ,  as 
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l a rge  d i s p a r i t y  between the  f i e l d  and t ransmiss ion l i n e  models, and has 
developed formulas t h a t  he lp b r i dge  the  wide gap between t h e  two approaches. 

The above se t  may be looked upon as two cons t ra in t s  on t h e  complex sepa- 
r a t i o n  constant 11. The f i r s t  equat ion i s  a r e s t r i c t i o n  due t o  t h e  beam, 
whereas equation (33) i s  a c i r c u i t  r e s t r i c t i o n .  For c l a r i t y  we l a b e l  " i n  
equat ion (31) as TIB and t h a t  i n  equat ion (33) as nc. The values o f  com- 
p lex  r t ha t  s a t i s f y  t h e  above w i t h  given tube parameters, such as d r i f t  
v e l o c i t y ,  frequency, e t c .  were obtained numer ica l ly .  The Western e l e c t r i c  
tube, number 444A, was chosen s ince most of I t s  parameters a re  g iven i n  e i t h e r  
o f  two textbooks ( re f s .  4 and 12). A l l  r e s u l t s  a re  f o r  t h e  opera t ing  f r e -  
quency o f  6.175 GHz. For reference, t he  o the r  parameters a re  l i s t e d  below. 

cop = 4.5373 GHz 

E = 8 . 8 5 4 ~ 1 0 - l ~  f / c m  

A1 = cross-sect ional  area o f  beam, 1 .32732~10 '~  cm2 

C = 0.058 

Q = 5.0 

R = t h e  "standard" reduc t ion  fac to r ,  0.46 

k = O/C = 1.293 cm-l 

co t (9 )  = 11.2274, 9 = 5.1" 

a = 0.100 cm 

b = 0.065 cm 

For s i m p l i c i t y ,  the  c i r c u i t  was assumed loss less .  Table I gives t h e  so lu t i ons  
f o r  s p e c i f i c  values o f  d r i f t  v e l o c i t y  uo. F igure  4 i s  a p l o t  o f  t h e  v a r i -  
a t i ons  o f  1 1 ~  and 'IC as t h e  imaginary p a r t  o f  t h e  wavenumber , jri i s  swept 
over t h e  range from j 1 5  t o  j16 .  The r e a l  p a r t  i s  f i x e d  a t  T r  = -0.25 and 
uo i s  f i x e d  a t  2.dxlO9 cm/sec. I n  t h i s  f i gu re ,  no s o l u t i o n  i s  found s ince 
the  curves cross a t  d i f f e r e n t  values o f  r i . F igure  5 shows a wide sweep f o r  
r i  w i t h  T r  f i x e d  a t  -0.250, and uo as before.  This  shows the  behavior o f  
t h e  system, and i n  p a r t i c u l a r ,  t h a t  genera l l y  o n l y  one s o l u t i o n  i s  poss ib le  
f o r  a spec i f i c  d r i f t  v e l o c i t y .  The Ilcold c i r c u i t "  propagat ion constant  r1 
i s  found from references 32 o r  34 

which y i e l d s  pa = 1.219, p = 12.19 

Also us ing  p - jr f o r  forward waves, we have r1 = 312.19 cm'l. 

f u n c t i o n  o f  the d r i f t  v e l o c i t y  uo. 
equat ion (31) f o r  t he  values o f  " obtained i n  f i g u r e  6. Only t h e  r o o t  w i t h  
t h e  smal l  negative r e a l  p a r t  s a t i s f i e s  the  o t h e r  c o n s t r a i n t  (eq. (33) ) .  

1 2  

"c = " as a 
Figure  6 i s  a p l o t  of t he  so lu t i ons  f o r  11, i .e . ,  when "6 = 

Figure 7 shows t h e  r o o t  conste l a t i o n  f o r  

Not ice  



equat ion (31)  i s  a fou r th  o rder  polynomial w i t h  complex c o e f f i c i e n t s ,  and i s  
s i m i l a r  t o  t h e  d ispers ion  polynomials developed w i t h  t h e  TLM method (eq. (4 ) ) .  
However, u n l i k e  the  TLM roo ts ,  on ly  one s a t i s f i e s  the  complete s e t  o f  boundary 
condi t ions.  I n  o ther  words i t  says, t h a t  one, n o t  t h ree  forward waves e x i s t s .  
This fac t ,  however, is a p e c u l i a r i t y  due t o  t h e  sheath h e l i x  model. A r e a l  
h e l i x  needs many modes t o  c o r r e c t l y  s a t i s f y  Maxwell 's equations. So we cannot 
say exac t l y  how many modes a c t u a l l y  e x i s t  i n  the  tube. This,  however, i s  n o t  
o f  importance f o r  our  study, as we are using the  f i e l d  s o l u t i o n  as a standard 
by which t o  compare the  r o o t  behavior of the polynomials developed i n  o the r  
sect ions.  
growing r o o t  t o  be the  "exact1' s o l u t i o n  f o r  t h e  tube a t  hand. We can e a s i l y  

i nvo l ve  t h e  s o l u t i o n  o f  a f o u r t h  order  polynomial w i t h  complex c o e f f i c i e n t s .  
This s i m i l a r i t y  was b r i e f l y  discussed i n  reference 32. Experiments, main ly  
the  Kompfner d i p  cond i t ion ,  tend t o  imply  several  modes e x i s t  near t h e  i n p u t  
end o f  t he  tube. 

t i ons ,  we may compare them as shown i n  Table 11. 
a2, a l ,  a. as g iven i n  equat ion (4)  a re  l i s t e d  f o r  t h e  cases o f  Chu, Pierce, 
Conventional, and f - f a c t o r  methods. I f  we t r y  t o  "match-up'' t he  c o e f f i c i e n t s  
t o  fo rce  t h e  TLM r e s u l t s  t o  agree w i t h  those o f  Chu we f i n d  t h e  f o l l o w i n g  
t rends : 

With t h a t  p rov iso  e x p l i c i t l y  stated, we w i l l  assume t h e  smal le r  

I see t h a t  t he  TLM model and t h e  I l f i e l d "  model a re  s i m i l a r  i n  t h a t  they bo th  

~ 

Since a l l  o f  t h e  cases s tud ied reduce t o  f o u r t h  o rder  d i spe rs ion  equa- 
The c o e f f i c i e n t s  "4, a3, 

Chu-Pierce: 4QC3 + 0 I 
Chu-Conventional: I 
r l  = j, = jk/R = - j B p 2 ( l  - R2)/2BeC3 

Chu-f- factor:  I 
F i r s t  o f  a l l  we n o t i c e  t h a t  t h e  "co ld  c i r c u i t ' '  propagat ion o f  t h e  TLMs 
b a s i c a l l y  t racks  j,, the  separat ion constant. Thus t h e  concept o f  r l  being 
r e l a t i v e l y  f i x e d  ( t h a t  i s  independent o f  uo) does n o t  ho ld  very w e l l .  
ure 8 dep ic t s  the  v a r i a t i o n  o f  t he  growing wave us ing t h e  "Pierce" form i n  t h e  
complex r-plane. This form uses t h e  coupled mode matching, o r  f i t  parame- 
t e r s  C and QC, t he  ga in  and space-charge parameters, respec t i ve l y .  Also 

values o f  d r i f t  v e l o c i t  a re  shown t o  a i d  i n  the  comparison. The upper curve 
i s  f o r  rl = j14.52 cm-y which i s  t h e  value o f  dvcg where vcg c tan9 = 
2.672~109 cm/sec i s  t h e  phase v e l o c i t y  o f  the  wave. The lower one is f o r  r l  
= j12.19 cm-1 which i s  t he  ' 'cold c i r c u i t "  value obtained i n  equat ion (36).  
I n  f i g u r e  9 we show the  r e s u l t  o f  t h e  "conventional" approach; t h e  matching 
parameters a re  C and R. The r o o t  t r a j e c t o r y  i n  f i g u r e  10 i s  t h a t  o f  a more 
invo lved space charge parameter scheme. This scheme i s  covered i n  d e t a i l  i n  
re ference ( l l ) ,  and summarized i n  appendix D .  I n  essence the  space-charge 
parameter i s  found us ing equat ion ( D  - 1) .  The two poss ib le  values f o r  R 
a re  denoted R+ = 0.503, and R, = 0.5698. I n  a l l  o f  t h e  above f i gu res ,  it i s  

f o r  t he  TLMs leave the  imaginary ax i s .  I n  o the r  words f o r  uo ou t  o f  t h e  
ranges shown, the  "growing r o o t "  d i d  n o t  have a s i g n i f i c a n t  negat ive r e a l  p a r t .  

I'1, 

Fig- 

I shown i s  t h e  r o o t  behavior f o r  t he  " f i e l d H  o r  Chu and Jackson so lu t i on .  The 

I wor th  n o t i n g  t h a t  on ly  over c e r t a i n  i n t e r v a l s  f o r  uo d i d  t h e  ''growing r o o t H  
I 
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The match-up using t h e  f - f ac to r  approach i s  shown i n  f i g u r e  11. The va lue 
f o r  f tha t  gave t h i s  reasonable f i t  was found by t r i a l  and e r r o r .  Th is  va lue 
i s  f = 100 -j220. The value f o r  C i s  0.1268 + 3.141. The-corresponding 
llcomplexll space charge reduc t ion  f a c t o r  R ( f rom eq. (26))  i s  0.022 -j0.103. 
Since there cannot be a pe r fec t  one-to-one match-up between the  t ransmiss ion 
l i n e  models and the  f i e l d  so lu t i on ,  t he  values o f  t h e  f i t  parameters a re  aver-  
age ones t h a t  g i ve  a reasonable curve. F igure  12 shows how t h e  f - f a c t o r  would 
change as the  d r i f t  v e l o c i t y  changes. This  forces t h e  r o o t  o f  t he  f - f a c t o r  
equat ion t o  co inc ide w i t h  the  f i e l d  s o l u t i o n  roo t .  F igure  13 g ives the  corre-  
sponding change i n  the  complex C parameter. F igure  14 shows the  v a r i a t i o n  
of t he  g- factor  w i t h  uo. Not ice  t h a t  f o r  t he  lower values o f  uo the  phase 
i s  near 900 which puts  the  charge bunches i n  the  maximum r e t a r d i n g  c i r c u i t  
f i e l d .  A t  the o ther  end o f  t he  uo range, they f a l l  back i n t o  a l esse r  
r e t a r d i n g  f i e l d  ( f i g .  3 ) .  
i t i v e  cor rec t  range; i . e . ,  900 t o  180O. Not ice  t h e  magnitude o f  g f o r  t h i s  
low power tube i s  on t h e  order  o f  which means t h e  h o r i z o n t a l  component 
o f  the  space charge f i e l d  i s  much smal ler  than t h e  c i r c u i t  f i e l d .  While t h i s  
has always been assumed t r u e  i n  TWT analys is ,  i t  does n o t  j u s t i f y  neg lec t i ng  
t h e  l ong i tud ina l  space charge f i e l d  i n  equat ion (12) .  I f  anything, i t  would 
seem t o  be more reasonable t o  drop i t  i n  t h e  equat ion o f  mot ion (eq. ( 5 ) ) .  
i s  important t o  recognize t h a t  th ree  f i e l d  components a re  d e a l t  w i th  i n  t h e  
TLMs. Namely Ezsc, E sc, and EzCKT. While we assume IEzCKTI >> I E z S C ( ,  

a n i  E z S C .  The main t h r u s t  o f  t h i s  paper i s  t o  p o i n t  ou t  t h a t  E S C  and 
E z S C  have not  been c o n s i s t e n t l y  inc luded i n  the  o l d e r  analyses. 'When J i  
was found, the assumption used was EySC >> EZSC,  and a c t u a l l y  E z S C  was s e t  
t o  zero. However i n  the  equat ion o f  mot ion E z S C  was added t o  EzCKT. A t  
t h a t  p o i n t  EySC was no t  re levan t  as on l y  z-d i rected ac mot ion was assumed 
due t o  t h e  focusing o f  t he  s t a t i c  magnetic f i e l d .  

However, t he  phase i s  always i n  the  p h y s i c a l l y  i n t u -  

It 

I E  S C l ,  we cannot imme i l a t e l y  determine t h e  r e l a t i v e  magnitudes between EySC 

The r e l a t i v e  magnitudes o f  EySC and Ezsc  can on ly  be found f rom a 
f i e l d  analysis.  
be neglected i n  any s t e  i n  the  TLM, so t h e  ana lys is  can be se l f -cons is ten t .  
So wh i l e  ( E Z S C J  << l E z e K T l  i s  t r u e  , i t  has no relevance t o  t h e  r e l a t i v e  mag- 
n i tudes o f  E,SC and EysC. This r a t i o  i s  b a s i c a l l y  r e l a t e d  t o  the  complex 
reduc t ion  fac to r  R ,  and thus i n d i r e c t l y  t o  f v i a  equat ion ( 2 6 ) .  One, how- 
ever, must be ca re fu l ,  s ince the  roo ts  move q u i t e  q u i c k l y  as parameters change 
by small amounts. Thus dropping Ezsc i n  equat ion ( 5 )  can cause la rge  v a r i -  
a t i ons  i n  r o o t  values. 

What we a r e  demonstrating i s  t h a t  n e i t h e r  component needs t o  

SUMMARY AND FINAL COMMENTS 

We have shown how the  inter-bunch forces o r  "space-charge" e f f e c t s  may be 
incorporated i n t o  a t ransmiss ion l i n e  model f o r  t he  TWT. The depar ture f rom 
previous inves t iga t ions  centers  around t h e  s p e c i f i c a t i o n  o f  t h e  impressed cur -  
r e n t  Ji. Bas i ca l l y  

sc 
a i  
a~ - - joc,A1 

i J = -  

(1  - R 2 )  a i  
az 

= - -  
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c sc 
- - -  f = -  

ai (1  t jocoAlf) i az 
- 

EzSC 

az  O 1  az EzCKT 
= - -  ai + j,, A g 7 a2v 9 ' -  

where the  l a t t e r  t h ree  are f o r  t h e  "complex" space-charge reduct ion f a c t o r ,  
f - factor ,  and g - fac to r  methods. P ierce and t h e  "conventional11 method (appen- 
d ices A and D ) ,  used 

~i = - ai /az 

bu t  d i f f e r e d  i n  t h e  expression f o r  Ezsc i n  t h e  equat ion o f  motion. P ierce 
used 

w h i l e  t h e  "convent ional"  method used 

2 sc - j R  

OCOA1 
- (39) 

Thus t h e  bas ic  inconsistency i n  previous studies revolves around the  omission 
o f  Ezsc i n  equation (37a). To show t h a t  i n c o n s i s t e n t  assumptions were indeed 
made, cons 

I f  

then equat 

de r  the  f o l l o w i n g  argument. 

i a i  
a z  

J = - -  

on (37b) says R + 0. But i f  i n  equat ion (39), R + 0, then 
E z S C  +.O. Thus keeping E z S C  f i n i t e ,  and hence R f i n i t e ,  w h i l e  assuming 
equat ion (40) holds ( R  = 0) i s  inconsis tent .  The reason t h i s  occurred was due 
t o  f a u l t y  combining of t h e  "one" and ' I two"  dimensional approximations made i n  
t h e  development o f  t h e  theory. Equation (40) imp l i es  a l l  displacement f l u x  i s  
v e r t i c a l ,  whereas, equation (38) ( R  = 1) imp l i es  a l l  displacement f l u x  i s  h o r i -  
zonta l .  Several authors ( r e f s .  7 and 16) use equations (39) and (40) w i t h  t h e  
impl ied,  b u t  unstated r e s u l t  t h a t  R = 0, and R = 1 simultaneously. Pierce 
was ab le  t o  p a r t i a l l y  circumvent t h i s  extreme by a l l ow ing  R t o  vary between 
0 and 1. The space-charge parameter Q performed t h i s  funct ion;  as seen by 
comparing equations (38) and (39). 

S u r p r i s i n g l y ,  o n l y  one e a s i l y  accessible paper concerned w i t h  attempts t o  
measure C and QC f o r  a p a r t i c u l a r  TWT e x i s t s  ( r e f .  35). By appropr ia te nor- 
m a l i z a t i o n  o f  t h e  o r i g i n a l  C and QC, they were ab le  t o  o b t a i n  "exce l l en t t1  
agreement between theory and t h e i r  measured values. I n  t h e  l i g h t  o f  t h e  p r e v i -  
ous work, t h i s  i s  n o t  su rp r i s ing .  I n  essence they were curve f i t t i n g  t h e  meas- 
urements t o  theory.  Figure 4 o f  t h e  a r t i c l e  i s  reveal ing;  i t s  main s t r u c t u r e  
appears i n  f i g u r e  15. Not ice the  s igna l  gain measured along t h e  tube i s  curve- 
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f i t t e d  t o  a s t r a i g h t  l i n e .  The slope and i n t e r c e p t  a re  e s s e n t i a l l y  t h e  two f i t  
parameters f o r  a l l  the  TLMs. 
n o t  observed; o r  a t  l e a s t  they made no mention o f  i t  i n  t h e i r  experiments. The 
r i p p l e  pat tern i s  assumed caused by i n te r fe rence  o f  a r e l a t i v e l y  unattenuated 
backward t r a v e l i n g  wave generated by a s l i g h t  mismatch a t  t he  load end. Fur- 
t h e r  comments and d e t a i l s  a re  l e f t  t o  t h e  appendices; t he re  we expand on t o p i c s  
re fe r red  t o  i n  the abs t rac t  and in t roduc t i on .  

Not ice  a l so  t h a t  t he  Kompfner d i p  apparent ly  was 
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APPENDIX  A - PIERCE'S ORIGINAL WORK 

The development o f  t h e  theory  may be found i n  two a r t i c l e s  ( r e f s .  1 
and 2) ,  and the  t e x t  by Pierce ( r e f .  3 ) .  I n  the  f i r s t  paper, he d i d  n o t  spe- 
c i f i c a l l y  separate the  e l e c t r i c  f i e l d  i n to  c i r c u i t  and space charge par ts ;  
instead the  BTC equat ion was presented i n  t h e  form 

where 

9 the  impressed a l t e r n a t i n g  convection c u r r e n t  ( q  = i )  

E 

*n* 

Pn 

The footnote accompanying the  expression was: "Expression (1 )  was g iven 
t o  the  w r i t e r  by S.A. Schelkunoff o f  these labo ra to r ies  w i t h  no guarantees as 
t o  i t s  range o f  a p p l i c a b i l i t y  o r  convergence. A r a t i o n a l i z a t i o n  o f  i t  i n  
t e r m s  of more f a m i l i a r  concepts w i l l  be found .in appendix A." The expression 
was intended t o  represent the  e x c i t a t i o n  o f  modes on t h e  h e l i x  by t h e  beam cur-  
r e n t  q. The fundamental mode w i t h  propagation constant ro was assumed t o  
be the  one p r i m a r i l y  coupled t o  the  beam, and i t s  growth w h i l e  t r a v e l i n g  i n  
near synchronism w i t h  the  beam accounted f o r  t h e  exper imenta l ly  observed s ig -  
na l  ga in.  

t he  e l e c t r i c  f i e l d  a c t i n g  on t h e  beam i n  the  z -d i rec t i on  

2Pn/EE* a constant ( u n i t s  o f  mho.m2) 

the  power f l o w  i n  one o f  t h e  n t h  p a i r  o f  modes 

This term was s ing led  ou t  by w r i t i n g  the  above as 

The sum o f  t h e  terms, o the r  than the  fundamental, was w r i t t e n  as t h e  second 
term i n  t h e  bracket.  These te rms  were i n te rp re ted  as both c u t - o f f  modes 
exc i ted  by the  beam, as w e l l  as any propagating modes n o t  i n  synchronism w i t h  
the  beam. The term was r e w r i t t e n  i n  the  form j /mlp,  f o r  compactness o f  nota- 
t i o n .  The u n i t s  o f  m a re  the  same as those f o r  *n ( t h e  paper mis takenly  
omits t h e  meter2 u n i t ) .  P ierce then develops the  propagat ion constants i n  t h e  
l i m i t  where j /m lp  i s  ignored. I n  l a t e r  sect ions he addresses t h e  ''space- 
charge" e f f e c t s  ( t h e  j /m lp  t e r m )  on the tube operat ion.  The "space-charge 
parameter'' Q was def ined as 

* 

and he found i t s  value t o  be about 13.7 f o r  a s p e c i f i c  experimental tube. The 
term j /m lp  was c a l l e d  the  " l o c a l  concentrat ion o f  charge," which was n o t  t h e  
charge d i s t r i b u t i o n  developed by the  fundamental mode. 
charge developed by nonsynchronous and cu to f f  modes c o l l e c t i v e l y .  

Rather i t  was t h e  
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The second paper ( r e f .  2) a l t e r e d  the  BTC as fo l l ows  

r 1 

L J 

The change from the  f i r s t  form i s  the  a d d i t i o n  o f  t he  second term, which was 
t o  r e f l e c t  the mutual repu ls ion  between t h e  space-charge bunches. He s ta tes  
i n  the  paper's appendix t h a t  t he  omission of t he  term was brought t o  h i s  a t ten-  
t i o n  by several readers o f  t he  f i r s t  paper. The phys ica l  r a t i o n a l e  f o r  t h e  
term i s  as fo l lows.  With re ference t o  f i g u r e  1, the  e l e c t r i c  f l u x  l i n e s  l i n k -  
i n g  the  beam bunches and t h e  c i r c u i t  a re  t o  represent  t h e  displacement cu r ren t  
between the  beam and c i r c u i t .  The n e t  f l o w  t o  be d i r e c t e d  from t h e  beam t o  
t h e  c i r c u i t  dur ing the  energy exchange and subsequent c i r c u i t  wave growth. 
These l i n e s  are represented by the  impressed cu r ren t  term J i  i n  the aug- 
mented transmission l i n e  equations. The l i n e s  between the  bunches represent  
t h e  inter-bunch repu ls i ve  forces. 
added t o  the BTC equation. 
t he  t o t a l  f i e l d  as the  sum of c i r c u i t  and space-charge pa r t s .  

These l i n e s  a re  represented by t h e  new term 
B a s i c a l l y  t h i s  equat ion i s  j u s t  t h e  expression f o r  

This  i s  t h e  
o f  motion (eq. ( 5 ) ) .  

as 

r i g h t  hand s ide o f  t he  equat ion 

He then rewr i t es  the  above 

E = q  

1 

which i s  the same form as used i n  t h e  f i r s t  paper. However, t h e  i n t e r p r e t a -  
t i o n  o f  the j / m l f i  term has been expanded t o  i nc lude  t h e  inter-bunch repu ls ion  
term. The inter-bunch term i s  developed i n  a verbal  manner i n  t h e  appendix o f  
t he  paper. We w i l l  develop t h i s  term i n  more d e t a i l  l a t e r .  For c l a r i t y ,  we 
cont inue w i th  the  review o f  P ie rce 's  work. 

With the above BTC coup l ing  equat ion r e l a t i n g  t h e  t o t a l  f i e l d  E t o  t h e  
convect ion cur ren t  i, (q  = I), as w e l l  as t h e  equat ion o f  mot ion a l s o  r e l a t -  
i n g  them (eq. ( 6 ) ) ;  P ierce was ab le  t o  e l i m i n a t e  both var iab les  E and 1 
and a r r i v e  a t  t h e  d ispers ion  r e l a t i o n .  

This paper was publ ished i n  August of 1948. I n  1950 P ierce  publ ished a t e x t  
( r e f .  3)  on t h e  TWT, which has become t h e  standard work f o r  t h e  tube. I n  i t  
he rearranges t h e  development of t he  theory  i n  a form u n l i k e  t h a t  of the two 
previous papers. 
t i m e  us ing  the augmented t ransmiss ion l i n e  equations (see appendix E).  
t h i s  development on l y  the  f i r s t  term of equat ion ( A l )  r e s u l t s ,  which i s  due t o  
t h e  form used f o r  J1. 
equat ion a t  some small volume i n  t h e  reg ion  where t h e  beam and c i r c u i t  nea r l y  
make contact .  Using c o n t i n u i t y  and Gaussls law we have 
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I n  chapter  I 1  he develops the  BTC equat ion f o r  t h e  f i r s t  
I n  

With re ference t o  f i g u r e  2, one may w r i t e  a "nodei1 



r 1 

The 

The 
s i s  

hor  

f o r  

sc 

o az 
- -  l a  

A1 az  

ho r i zon ta l  i d  and V e r t i c a l  Ji Az components o f  displacement Current a re  

sc id = j u c  A E 0 1  z 

expression f o r  Ji Az i s  no t  obvious, we on ly  know i t  f rom previous analy-  

Now t h e  node equat ion may be w r i t t e n .  The convect ion cu r ren t  i s  assumed 
zonta l  only,  and the  node equat ion y ie lds  

sc 
aEZ 

j u C o A 1  - J i = - - -  a i  
az az  

Pjerce used t h e  f o l l o w i n g  phys ica l  arguments t o  a r r i v e  a t  h i s  expression 
J1. This  occurred i n  t h e  t e x t ,  on pages 9 t o  11. We quote "We w i l l  

assume t h a t  t he  e lec t ron  beam i s  very narrow and very c lose  t o  t h e  c i r c u i t ,  so 
t h a t  the  displacement cu r ren t  along t h e  stream i s  n e g l i g i b l e  compared w i t h  t h a t  
from the  stream t o  t h e  c i r c u i t . "  Thus only convect ion cu r ren t  i s  al lowed a long 
t h e  beam, and on ly  displacement cu r ren t  i s  a l lowed perpendicu lar  t o  it; t h i s  
g ives a node equat ion o f  t h e  form 

i a i  
az i - J A z  = + d i  = i + - A Z  

o r  

i a i  
az  

J = - -  

Der iva t ions  f o r  Ji may be found i n  the  tex ts  by G i t t i n s  ( r e f .  7 ) ,  p .  20, 
Soohoo ( r e f .  E ) ,  p. 109, Atwater ( r e f .  9), p. 180, Everhar t  and Angelokas 
( r e f .  IO), p. 67, Chodorow and Susskind ( r e f .  6) ,  p. 147, Gandi ( r e f .  4 ) .  
p. 355, L iao  ( r e f .  5), p. 226, among others. 

With t h i s  form f o r  Ji P ierce gives the  BTC equat ion as 
3 

which has become t h e  standard and fundamental equat ion r e l a t i n g  beam-slow wave 
coupl ing.  Not ice  Pierce neglected the  l ong i tud ina l  displacement cu r ren t  and 
thereby neglected the  e f f e c t s  o f  Ezsc on t h e  coup l ing  process. We can now 
s t a t e  equat ion (A3) r e l a t e s  the  convection cu r ren t  t o  t h e  c i r c u i t  f i e l d  i n  t h e  
l i m i t  of a n e g l i g i b l e  l o n g i t u d i n a l  space charge f i e l d  Ezsc.  
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He develops the  propagat ion constants i n  t h i s  l i m i t  i n  Chapter I 1  of t h e  
t e x t .  
e f f e c t s "  are considered. I n  essence, i n  t h i s  chapter he reproduces the  r e s u l t s  
o f  h i s  second paper, bu t  uses a completely d i f f e r e n t  format f o r  developing 
them. 
t i o n  ( A l ) .  
proper, a d i s t r i b u t e d  capac i ty  C1 i s  inser ted .  These capac i to rs  a re  t o  model 
t h e  "space-charge" terms t h a t  appeared i n  equat ion ( A l ) ,  and thereby modify t h e  
beam-to-circuit coupl ing.  The f i r s t  problem now becomes c l e a r .  Not ice  t h e  
f i r s t  term o f  equat ion ( A l )  i s  developed by neg lec t ing  "space charge" e f f e c t s  
( t h e  z-component o f  t he  space-charge f i e l d )  w h i l e  t h e  second term i s  assumed 
t o  who l ly  t a k e  the  space-charge e f f e c t s  i n t o  account. Whi le t h i s  i s  a reasona- 
b l e  engineering approximation, f y r t h e r  s c r u t i n y  reveals  a problem. 
assumes the  impressed cu r ren t  31 (developed by neg lec t ing  the  l o n g i t u d i n a l ,  
o r  z-component o f  t h e  space charge f i e l d )  f lows t h r u  the  coup l ing  capac i to rs  
and develops a "space charge vo l tage"  Vsc g iven by 

Later, i n  Chapter VII, he takes up the  case wherein "space-charge 

Basica l ly ,  he gives an equ iva len t  c i r c u i t  model t o  i n t e r p r e t  equa- 
This c i r c u i t  i s  shown i n  f i g u r e  2. Between the  beam and c i r c u i t  

P ierce 

Then one assumes t h e  space charge f i e l d  i s  r e l a t e d  t o  t h i s  space charge vo l tage 
by 

which g ives the space-charge f i e l d  as 

s c = r J  i l  - - -  - r2i 
j W C l  j W C l  

Thus t h e  t o t a l  f i e l d  o f  the system i s  exac t l y  t h a t  g iven  i n  t h e  second paper 
i f  one forces 

i (r*i c1 = - -  

Whi le the modi f ied t ransmiss ion l i n e  was on ly  supposed t o  a c t  as a mental 
a i d  i n  t h i s  h e u r i s t i c  approach, (quot ing  Pierce, "This c i r c u i t  i s  i n t u i t i v e l y  
so appealing t h a t  i t  was o r i g i n a l l y  thought o f  by gues? and j u s t i f i e d  l a t e r . " )  
a consistency problem does however e x i s t .  Assuming J1 g iven by equat ion (A2) 
f lows through t h e  coup l ing  capac i to rs  C 1  i s  u n j u s t i f i e d ;  t h i s  i s  because t h i s  
form can only be developed when t h e  l o n g i t u d i n a l  space-charge f i e l d  
neglected. I n  o ther  words one neglects  E z S C  t o  o b t a i n  J1. Then one subse- 
quent ly  uses J i  so developed t o  now determine E,SC; t h i s  i s  n o t  i n  t h e  t r u e  
s p i r i t  o f  an engineer ing approximation. 

Ezsc i s  

This  i s  t he  best  Dlace t o  consider  the  deVelODment o f  t h e  'space-chargeN 
f i e l d  as presented by P ie rce  i n  t h e  second paper. ' R e c a l l  
t h e  phys ica l  i n t e r p r e t a t i o n  of r e f l e c t i n g  the  inter-bunch 

the  new term w i t h  
fo rces  was g iven as 
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We develop t h i s  t e r m  i n  the  f o l l o w i n g  way. - 
equat ion we def ine the  t o t a l  cu r ren t  

S t a r t i n g  w i th  Maxwel l 's  second 
IT 

- - 
IT = v x ii = 5 + j w c O E  

See t h e  t e x t  by Chodorow and Susskind ( r e f .  6 ) ,  p. 146 f o r  more d iscuss ion o f  
t h i s  p o i n t .  
zero 

Simply put ,  t he  divergence o f  t h e  t o t a l  c u r r e n t  i s  i d e n t i c a l l y  

V - T T  = o = 8.5 + j o c o  V-E 
_I . 

For a s t r i c t l y  one dimensional model we have 

= Jz + - E  a sc 
a t  z I T ( t )  = ( 0  x Fi)z = 

For a one dimensional model wherein on ly  v a r i a t i o n  w i t h  
terms i n  t h e  bracket  are i d e n t i c a l l y  zero. (No v a r i a t i o n  w i t h  x o r  y i s  
poss ib le . )  
t h i s  f a c t  we f i n d  

z i s  permit ted,  t h e  

Then t h e  t o t a l  cu r ren t  i n  t h i s  case i s  i d e n t i c a l l y  zero. Using 

i sc o = -  + h E O E Z  
A1 

o r  

which i P i  erc 

sc j i  - 
- oc A 0 1  

' s  co r rec t i on  term. An actual  phys ica l  c i r c u i t  i s  never i n f i -  
n i t e  i n  l a t e r a l  extent ,  so i n  a p r a c t i c a l  sense, IT i s  never zero. One must 
determine IT by measurement o r  o the r  cons t ra in t  imposed on t h e  system, a t  
p o i n t s  "ex te rna l "  t o  the  reg ion  where the one dimensional approximat ion i s  
being invoked. 
t o r  was i n  f a c t  mentioned i n  t h e  o r i g i n a l  paper (see t h e  foo tno te  on p. 114). 
The s i m i l a r i t y  may be developed w i t h  t h e  fo l l ow ing  arguments. S t a r t  w i t h  the  
expression f o r  t h e  space charge f i e l d  

The s i m i l a r i t y  o f  the  space charge c o r r e c t i o n  term t o  a capaci- 

sc - j i  

E Z  - OCOA1 

Assume a space-charge vo l tage may be def ined as 

sc sc E, = rv 

Then use t h e  r e l a t i o n  connecting Ji and i. 

This may be i n t e r p r e t e d  as Ohm's law f o r  a d i s t r i b u t e d  capac i to r  C1 
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F ina l l y ,  t he  capac i to r  C1 was replaced by t h e  space charge parameter 
Q v i a  t h e  d e f i n i t i o n  

Q = -  A 'e 
2wC1 K 

Not ice  t h e  subt le  changes t h a t  occurred i n  the  two j o u r n a l  a r t i c l e s  and t h e  
t e x t .  I n  t h e  f i r s t  a r t i c l e  the  term j /m lp  was j u s t  t he  summation o f  terms 
t h a t  represented nonsynchronous and c u t - o f f  modes. 
t e r m  was expanded t o  i nc lude  the  new c o r r e c t i o n  term j i / w C A .  I n  t h e  t e x t ,  
t he  nonsynchronous and cu t -o f f  modes were abandoned and j u s t  t he  c o r r e c t i o n  
term was added t o  the  basic BTC equation. 

I n  the  second a r t i c l e  t h e  

That i s ,  t h e  t e x t  b a s i c a l l y  w r i t e s  

However, i n  t h e  t e x t  t he  space charge t e r m  j i / o s A  i s  expressed i n  terms o f  
t he  space charge parameter Q. Not ice  t h a t  t he  d e f i n i t i o n  o f  Q underwent 
some rev i s ion  from the  f i r s t  a r t i c l e  t o  t h e  t e x t .  The "space-charge parame- 
t e r "  o r  the  "space-charge e f f e c t "  was a d i f f i c u l t  term and/or concept f o r  
Pierce t o  incorporate i n t o  the  theory.  As a mat te r  o f  f a c t  G i t t i n s  ( r e f .  7 )  
made the  remark t h a t  Q i s  n o t  an e a s i l y  understood parameter; To quote him, 
IIa complicated and confusing parameter." It has been s ta ted  t h a t  C 1  and 
thus Q, may be negat ive q u a n t i t i e s  f o r  c e r t a i n  tube cond i t ions  ( r e f .  15, 
p. 131). 

We now see t h a t  a l l  t h i s  work was e s s e n t i a l l y  equ iva len t  t o  decomposing 
t h e  t o t a l  f i e l d  i n t o  c i r c u i t  and space charge p a r t s  i n  the  equat ion o f  motion, 
and attempting t o  e l im ina te  the  space charge te rm.  

I n  summary, we may say Pierce had d i f f i c u l t y  i nco rpo ra t i ng  the  inter-bunch 
forces i n t o  the  ana lys is .  
and t h a t  f o r  the space charge f i e l d  EzSc, w e r e  incompat ib le,  which made t h e  
theory  i n t e r n a l l y  incons is ten t .  The i n t r o d u c t i o n  o f  Q, a va r iab le  f i t  parame- 
t e r ,  eased the problem somewhat and gave enough f l e x i b i l i t y  t o  match-up theory  
and experiments. The coupled mode ideas were being formed by w r i t e r s  a t  t he  
t ime, bu t  t h e  d e f i n i t e  decomposition o f  t h e  f i e l d  i n t o  c i r c u i t  and space charge 
p a r t s  was never completely spe l led  ou t  by Pierce. He never placed superscr ip ts  
on e l e c t r i c  f i e l d  var iab les ,  r a t h e r  the  i m p l i c a t i o n  was t h a t  t he  f i e l d  should 
be t r e a t e d  as a s i n g l e  e n t i t y  w i t h  both c i r c u i t  and space-charge proper t ies .  
This omission causes much confusion i n  attempting t o  understand the  theory.  
F o r  example, i n  the  o l d  development f o r  J I  one neglects  the  I l l ong i tud ina l  
displacement current , "  which imp l ies  

The formula developed f o r  t h e  impressed c u r r e n t  J f  

b u t  l a t e r  one obta ins E, i n  equat ion ( A l ) .  Thus one neglects  E, a t  one 
po in t ,  t o  permit f i n d i n g  i t  l a t e r .  Another problem one might  b r i n g  up i s  t h e  
no t i on  t h a t  a l l  f l u x  l i n e s  te rm ina t ing  on t h e  c i r c u i t  i s  con t rad i c to ry  t o  t h e  
weak coupl ing assumption. 
c r i t i c i s m  on the  e n t i r e  theory.  The se l f -cons is ten t  i n c l u s i o n  o f  Ezsc  
e l im ina tes  a l l  o f  these problems. 

These s o r t s  of problems have tended t o  cas t  undue 
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APPENDIX B 

A second method t o  develop J i  i s  as follows: S ta r t ing  w i t h  Maxwell's 
second equation 

Assume the c i r c u i t  f i e l d  has zero divergence a t  a l l  points not d i r e c t l y  on the 
c i r c u i t .  Using a rectangular coordinate system ( f i g .  l ) ,  we f i n d  

We may i n t e r p r e t  the second term a s  
such a choice. Then 

Ji/A1, s ince the units a r e  amenable t o  , 

sc 

az o 1 az 

This permits one t o  express J i  i n  the  a l te rna te  form 

sc 
J i = joroA1 aEy ay  
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APPENDIX C 

The reduct ion f a c t o r  t u rns  ou t  t o  be an impor tant  parameter i n  TWT theory.  
The reasons f o r  i t s  i n t r o d u c t i o n  are  as fo l l ows :  
quency f o r  an i n f i n i t e  c loud of e lec t rons  neu t ra l i zed  by immobile ions  i s  

t h e  plasma (resonant)  f r e -  

I n  any f i n i t e ,  o r  r e a l  phys ica l  beam, t h e  l o n g i t u d i n a l  e l e c t r i c  f i e l d  i s  
decreased due t o  f l u x  f r i n g i n g  ou ts ide  o f  t h e  beam. This f r i n g i n g  i s  f u r t h e r  
increased when the  beam i s  enclosed i n  a conduct ing tube. With re ference t o  
f i g u r e  C-1,  we expand on the  above remarks. The plasma frequency i s  t h e  
na tu ra l  resonant frequency o f  t he  i n f i n i t e  plasma. When f r i n g i n g  occurs, t h e  
plasma becomes less  " s t i f f , "  and the  resonant frequency i s  somewhat l ess  than 

f i c i e n t l y  large such t h a t  t he  reduc t ion  i n  the  resonant frequency i s  very 
smal l .  Under t h i s  assumption, t he  resonant frequency u9 i s  nea r l y  9, o r  
the  reduct ion f a c t o r  i s  approximately u n i t y .  The reduc t ion  f a c t o r  R i s  
def ined by 

Par t  (a) o f  t h e  f i g u r e  represents a case wherein t h e  beam diameter i s  suf -  

uq = R- 

Par t  (b )  depicts the  case f o r  a small d iameter beam i n  c lose  p rox im i t y  t o  a 
conducting tube. 
of the  same order  o f  magnitude. I n  t h i s  s i t u a t i o n ,  t h e  reduc t ion  f a c t o r  i s  
somewhere between zero and one. This f l u x  d i s t r i b u t i o n  i s  assumed t o  be s imi -  
l a r  t o  t h a t  encountered i n  the  TWT. The f l u x  l j n e s  l i n k i n g  the  beam t o  t h e  
c i r c u i t  are modeled by t h e  impressed cu r ren t  Ji, w h i l e  those t h a t  a re  hor izon- 
t a l  r e f l e c t  t he  inter-bunch forces.  Par t  (c )  dep ic ts  the  cond i t i on  imp l i ed  by 
B r i l l o u i n  ( r e f .  39), see appendix G, and the  spec ia l  case o f  n e g l i g i b l e  ''space- 
charge" e f fec ts ,  by Pierce. For t h i s  case, t he  inter-bunch forces a re  absent, 
and a l l  l i n e s  f rom a bunch o r  anti-bunch te rmina te  on the  c i r c u i t .  Th is  i s  
t he  l i m i t  o f  zero "space-charge" e f fec ts ,  and from the  above reasoning, appar- 
e n t l y  t h e  reduct ion f a c t o r  i s  zero. This l i n e  o f  reasoning may be found i n  
t h e  t e x t s  ( r e f s .  8 and l o ) ,  as w e l l  as a paper by Pierce ( r e f .  36). 

I n  t h i s  case the  f r i n g i n g  f l u x  and the  inter-bunch f l u x  a re  

Branch and Mihran ( r e f .  37) have ca l cu la ted  t h e  reduc t ion  f a c t o r  f o r  v a r l -  
ous geometries, and presented the  r e s u l t s  i n  g raph ica l  form. The t e x t s  ( r e f s .  
12, 33,  and 38) b r i e f l y  discuss t h e  reduc t ion  f a c t o r ,  and t h e  procedure f o r  i t s  
c a l  c u l  a t  i on. 
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APPENDIX D - "CONVENTIONAL" METHOD 

This method d i f f e r s  f rom t h a t  o f  Pierce on ly  i n  t h e  way t h e  "space-charget8 
term i s  w r i t t e n .  B a s i c a l l y  

and the  equat ion o f  motion i s  w r i t t e n  w i t h  t h e  c i r c u i t  and space charge f i e l d s  
e x p l i c i t l y  separated. P ierce e s s e n t i a l l y  d i d  t h e  same t h i n g  when he added t h e  
'(space charge voltage'' t o  t h e  c i r c u i t  voltage. 
i s  an a l t e r n a t i v e  t o  t h e  Q f a c t o r  method o f  Pierce. He w r i t e s  t h e  above 
w i thout  the  f a c t o r  R, Beck ( r e f .  16) does t h e  same. 
were n o t  q u i t e  c l e a r  on exac t l y  what P i e r c e  had done. 

P i e r c e ,  where f o r  re ference we w r i t e  

G i t t i n s  ( r e f .  7 )  says t h i s  form 

Thus G i t t i n s ,  and others,  

The d ispers ion  r e l a t i o n  i s  found using t h e  same technique as t h a t  o f  

10 = PoUoA1 Po = -leln, 

3 

The r e s u l t i n g  d ispers ion  was given as equation (20b) e a r l i e r .  
t o  P ie rce 's  form (eq. ( ~ O C ) ) ,  leads t o  "matching-up" o f  terms t o  r e l a t e  Q 
t o  R. The reduc t ion  f a c t o r  has a reasonable phys ica l  i n t e r p r e t a t i o n ,  and the  
llmatch-upll was intended t o  r e l a t e  Q ( a  somewhat nebulous parameter) t o  R. 
The f i r s t  o rder  match-up comes from simply equat ing t h e  two terms, s ince they 
are  supposed t o  represent the  same physical  e f f e c t .  

Comparing t h i s  

Thus 

2 2  -c r (4QC) = 

2 2  

2 
% 
uO 

o r  

2 - 
"a 

uo 
2 2  -4QC = 

Assume 
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then 

2 

4QC3 = (2) 
which re la tes  Q t o  the  reduced plasma frequency aq. One problem apparent 
t o  the  w r i t e r  occurs when Q becomes negat ive,  (a  poss ib le  c o n d i t i o n  men- 
t i oned  i n  r e f .  1 5 ) .  Then, s ince C i s  necessar i l y  p o s i t i v e ,  oq i s  imagi- 
nary. The llmatch-up'l does n o t  stop here, b u t  has been c a r r i e d  one s tep f u r -  
t h e r  ( r e f .  1 1 ) .  The r e s u l t  i s  

which i s  o f ten  quoted as the  more exact r e l a t i o n s h i p  between Q and t h e  
reduced plasma frequency aq ( r e f .  1 2 ) .  
j u s t  P ierce 's  f o r m  w i t h  R p lay ing  the  same r o l e  as Q. 

Thus t h e  I 'conventionall1 approach i s  
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APPENDIX E 

The basic beam-to-circui t  coupl ing equation (BTC) 1s t h e  cornerstone o f  
t h e  TLM. 
c u r r e n t  ~ i .  

Augment t h e  normal t ransmission l i n e  equations w i th  t h e  impressed 

i d I  
dz - = -jBV + j 

E l im ina te  I 

i - -  d2V -BXV - ( j X ) J  
2 -  dz 

and d e f i n e  

r12 = -BX rl = j f i  

t o  be t h e  c o l d  c i r c u i t  forward propagation constant when J i  = 0. 
t ransmiss ion l i n e  theory 

From 

2, = K = $ j X  = Kr, 

and 

2 i - -  d2V - -rl V - KrlJ 
dz2 

which y i e l d s  t h e  f i n a l  r e s u l t  

-Krl 
2 Ji 2 V =  

r -r l  
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APPENDIX F - EQUIVALENT TRANSMISSION LINE 

Here we show how the  t ransmiss ion l i n e  approach can be somewhat supported 
from Maxwell's equations. 
i n  the  presence o f  nearby convect ion cur ren t ,  then the  appropr ia te  equations 
a re  

Assume t h e  s t r u c t u r e  i s  propagat ing a slow TM wave 

- -  aHX - j o c E  + J  
az O Y  Y 

Take a/az o f  the  f i r s t ,  and use t h e  second t o  f i n d  

Assume no J,, component o f  cur ren t ,  which r e s u l t s  i n  

a2E 2 a2Ez 

az 2 c  
- + $ E y = =  

For v a r i a t i o n  as e-rz t h i s  becomes 

(r2 + $)Ey = - a2EZ 
azay 

But  r2 = -w2/vq2 and vq2 <c c2 so t h e  f i r s t  term dominates 

a2E a2EZ 
2,- 

2 azay az 

and 

aE aEZ 
2;-  
az ay 

i f  t h e  i n t e g r a t i o n  constant i s  assumed zero. 
slow wave condi t ion.  Def ine 

The above i s  j u s t  t he  w e l l  known 

av 
€ y = - -  aY 

then 
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which mak good 
transverse f i e l d .  

h y s i c a l  sense. The l i n e  vo l tage i s  t h e  i n t e g r a l  o f  t h e  
and -aV/az i s  t h e  l o n g i t u d i n a l  f i e l d  component. P ierce 

( r e f .  3 )  backed o f f  from equat ion (F2) on p. 112, we quote, "We can now, how- 
ever, regard V no t  as a p o t e n t i a l  b u t  merely as a convenient v a r i a b l e  r e l a t e d  
t o  t h e  f i e l d  by ( 7 . 2 ) . "  H i s  equat ion (7.2) i s  equat ion (F2). Thus t h e  t rans-  
mission l i n e  model f o r  a slow TM wave does n o t  v i o l a t e  Maxwell ls equations; 
and i t  may be used w i t h  some small  

I 
l 

amount o f  confidence. 

29 



APPENDIX G - THE BTC EQUATION 

The BTC has been used ex tens i ve l y  i n  the  l i t e r a t u r e  concerning t r a v e l i n g  
wave devices. The form w i t h  J i  i s  p e r f e c t l y  c o r r e c t  

But t he  form wherein 
f l u x .  

Ji = -ai /az has been used, neglects  a l l  inter-bunch 

There e x i s t  several  de r i va t i ons  o f  equat ion (62) i n  t h e  l i t e r a t u r e  which seem 
q u i t e  general and r igorous.  While we have no problem w i t h  them, we w i l l  show 
t h a t  a l l  use b a s i c a l l y  t he  same argument as d i d  Pierce. Namely the  neg lec t  o f  
l ong i tud ina l  space charge which means dropping j w c o  EzSCA o r  E,sc some- 
where i n  the de r i va t i on .  

One o f  t he  e a r l i e s t  developments o f  equat ion (62) ( i n  Engl ish)  was g iven 
b y l B r i l l o u i n  ( r e f .  39). 
qn induces alcharge -qn on t h e  w a l l  o f  sec t i on  n, which c a l l s  f o r  an 
a d d i t i o n a l  qn on t h e  capac i ty  Cn. The f a c t  t h a t  a l l  induced charge devel- 
oped by a segment o f  t h e  stream i s  equal i n  magnitude t o  t h e  charge i n  t h a t  
segment, impl ies the  segments do n o t  share f l u x  l i n e s .  Thus no inter-bunch 
f l u x  l i n e s  are considered. This means EzSc and the re fo re  jwcOAEZSC ( t h e  
l ong i tud ina l  displacement cu r ren t )  i s  neglected. The r e s u l t i n g  expression f o r  
t h e  vo l tage on the  l i n e  i n  terms o f  t h e  charge dens i t y  i n  t h e  beam i s  

Wlth reference t o  f i g u r e  G1, t h e  charge i n  t h e  beam 

2 
a2v a2v - a pa - -Lo - - LOCO 
az 2 a t 2  a t 2  

- -  

B r i l l o u i n  states very s t r o n g l y  t h a t  equat ion (63)  should be r i g o r o u s l y  cor-  
rec t ,  and no adjustments (such as space-charge reduc t ion  f a c t o r s )  a re  needed. 
To show t h a t  the  above i s  equ iva len t  t o  equat ion (62) we conver t  i t  i n t o  t h e  

eJwt-rZ v a r i a t i o n ,  t h e  above becomes same operator no ta t i on .  For 

V 

1 

where 
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Define 

K = Zo 

Then equat ion (64) becomes 

Using the  c o n t i n u i t y  equat ion (here PQ i s  i n  coul/m), n o t i c e  t h a t  i n  a l l  t h e  
d i f f e r e n t i a l  equations the  charge dens i t y  i s  a l i n e a r  dens i t y  pa.  

jap, = r i  

we f i n d  

-Kml 

r - r l  2 2 i  V =  

which i s  indeed equat ion (62). 

Another d e r i v a t i o n  o f  equat ion (62) may be found i n  the t e x t  by Hu t te r  
( r e f .  11).  On page 184 Hu t te r  w r i t es ,  "Several de r i va t i ons ,  none t o o  r i g o r -  
ous, can be g iven f o r  t h i s  equation, and the one presented here f i r s t  i s  t h a t  
g iven by Bern ier . "  The development by Bernier ( i n  French) appeared i n  1947. 
H u t t e r  goes on, " I f  the  displacement current  w i t h i n  the  beam i s  neglected, . . . .I1. The t e x t s  by Watson and Gewartowski ( r e f .  12),  Kleen ( r e f .  13), and 
others ( r e f s .  6 and 14), have de r i va t i ons  s i m i l a r  t o  t h a t  o f  Bern ie r .  Watson 
and Gewartowski present a development t h a t  s t a r t s  w i t h  the  f o l l o w i n g  equat ion 
( t h e i r  eq. 10.1 - 24), 

dp = -iE, dz 

Here dp i s  t h e  incremental  instantaneous power f l o w  i n t o  the  c i r c u i t  from 
the  length  dz o f  t he  beam. The beam current  i s  i. They r e f e r  t o  t h e  t e x t  
by S t r a t t o n  t o  j u s t i f y  t he  above expression. 
t h e  r e l a t i o n s h i p  under cons idera t ion  i s  Poynting's theorem. 

Re fe r r i ng  t o  S t ra t ton ,  we f i n d  

I f  we neg lec t  & a t  (which i s  v a l i d  f o r  slow-wave systems), we f i n d  
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or 

Now i f  the displacement current along the beam is neglected, the dot product 
in the volume integral vanishes, (the displacement current i s  an/at). Then 
equation ( G 5 )  results. The remaining calculation finally ends up at equa- 
tion (62). We have shown that the I'standardo1 BTC coupling equation may be 
developed by alternate paths, yet all use the same assumption (the neglect of  
i nter-bunch f 1 ux) . 
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APPENDIX H - NUMERICAL LARGE SIGNAL CALCULATIONS 

and q (y )  i s  a coupl ing f u n c t i o n  t o  be determined. Quot ing Rowe on p. 57, 
"It i s  no t  necessary t o  assume a l l  f l u x  l i nes  emanating f rom t h e  stream te rmi -  
nate on the  c i r c u i t .  The q u a n t i t y  pm,n i n  equat ion ( H l )  i s  w r i t t e n  i n  terms 
o f  space charge dens i ty  i n  the  stream as fol lows:,"  he then w r i t e s  equat ion 
(H2) .  

by PQ w i t h  no a d d i t i o n a l  comments. He b r i e f l y  discusses t h i s  p o i n t  
again on pp. 218 and 226. Detwei ler ,  a student and c o l l a b o r a t o r  w i t h  Rowe, 
wrote a t h e s i s  ( r e f .  30) cover ing much of the  ma te r ia l  t h a t  i s  contained i n  
Rowels book. 
t h e i r  work i n  1971 ( r e f .  31). I n  t h e  thes is  the  func t i on  q(y) i s  in t roduced 

equat ion f o r  q (y )  i s  developed on p. 45 and then p u t  i n t o  a d i f f e r e n t  form 
(eq. (2.94) on p. 61). From pp. 62 t o  66, work i s  done t o  approximate ~ r ( y ) .  
Ul t ima te l y ,  an approximate expression (eq. (2.115) p. 66) f o r  q (y ) ,  I s  found. 
On t h i s  page Detwei ler  makes the  statement quoted e a r l i e r  i n  t h e  i n t roduc t i on .  
This  statement i s  very reveal ing.  I n  essence, t he  e f f e c t s  o f  t h e  inter-bunch 
forces are  somehow determined i n  t h e  l i m i t  wherein t h e  bunches themselves a r e  

mised. As a mat te r  o f  f a c t  i n  t h e i r  paper ( r e f .  3 l ) ,  most o f  t he  r e s u l t s  a r e  
f o r  t he  spec ia l  case o f  n e g l i g i b l e  space-charge e f f e c t s ,  (see assumption 2 on 

He does no t  c a r r y  t h e  idea forward, s ince on the  nex t  page he replaces 
pm,? 

Detwei ler  and Rowe a l s o  published a comprehensive a r t i c l e  on 

I conceptual ly ,  b u t  i t  i s  no t  determined i n  an exact manner. A d i f f e r e n t i a l  

I , absent. The accuracy o f  f u r t h e r  ca lcu la t ions  i s  t he re fo re  severe ly  compro- 

I p. 58). 

1 

I 

As e a r l y  as 1953, the  l a rge  s igna l  behavior o f  t he  TWT has i nves t i ga ted  

This paper c l e a r l y  mentions the  neglect  o f  inter-bunch f l u x ;  (see t h e  

numer ica l ly .  This work was i n i t i a t e d  by Nordsieck ( r e f .  29), and he mentioned 
i n  a footnote t h a t  t h i s  work had been done before he l e f t  B e l l  Laborator ies i n  
1947. 
quote i n  t h e  i n t roduc t i on ) .  

I 

A l l  of the  numerical schemes ( r e f s .  40 t o  46) use equat ion (63) as t h e  

Note a l l  the  p a r t i a l  d i f f e r e n t i a l  equations use l i n e a r  charge dens i t i es  

fundamental r e l a t i o n  between the  vo l tage V induced on t h e  h e l i x  by t h e  con- 
vec t ion  cu r ren t  i and the  corresponding l i n e a r  rf charge dens i t y  o f  t he  beam 
pa .  
pa ( c o u l h ) ,  ( o r  UQ) whereas i n  o ther  parts o f  t h i s  paper we use volume densi-  
t i e s .  The t e x t  by Rowe ( r e f .  43), accepts equat ion (63) as t h e  s t a r t i n g  p o i n t  
w i thou t  quest ion.  
space charge i n t o  account on p. 57 o f  t h e  t e x t .  He says t h e  charge dens i t y  t o  
,be used i n  equation (63) should be modif ied as 

He does, however, discuss t h e  problem o f  p roper l y  t a k i n g  

1 33 

- a2 - a2v = -  - -  a2v 
az 2 Loco at2 Lo a t ~  Pm,n 

where 
r r  

I n  t h e  paper o f  1971 ( r e f .  31), Detwei ler  and Rowe present  the  f o l l o w i n g  
coup l ing  equat ion 



Not ice  t h i s  i s  the  41standard" form augmented f o r  c o l d - c i r c u i t  l oss  embodied i n  
t h e  l oss  parameter d. The term UQ(z , t )  i s  t o  represent  a l i n e a r  charge den- 
s i t y  induced onto t h e  c i r c u i t  by the  e lec t ron  stream. 
uQ, however, the beam dens i t y  i s  approximated t o  be zero. 

They d i f f e r ,  however i n  methods used t o  c a l c u l a t e  the  space charge f i e l d ,  as 
w e l l  as the  procedure f o r  numer ica l ly  i n t e g r a t i n g  the  equations. 
Detwei ler  model t he  beam as e i t h e r  charged r i n g s  o r  d i scs  i n  a conduct ing tube 
and so lve t h e  r e s u l t i n g  boundary value problem by the  Green's func t i on  method. 
Tien ( r e f s .  40 t o  42) inc ludes space charge i n  the  equat ion of mot ion and 
assumes the inter-bunch forces can be approximated as 

I n  the  c a l c u l a t i o n  o f  

A l l  o f  t he  o ther  numerical schemes use t h e  "standard" coupl ing equat ion.  

Rowe and 

where t h e  beam has been modeled as charged d iscs,  and 

ro = d i sc  radius 

z,z' = d isc  pos i t i ons  

Detwei ler  and Rowe f i n d  both the  l o n g i t u d i n a l  and r a d i a l  space charge f i e l d  
components. The l o n g i t u d i n a l  component appears t o  a c t  on l y  over a d is tance 
comparable t o  a wavelength, and the  r a d i a l  component i s  much weaker than t h e  
l ong i tud ina l  one. 
w i t h  n ine  var iab les.  

They t r e a t  the  t o t a l  system as an i n i t i a l - v a l u e  problem 

I n  summary, Rowe s ta tes  t h a t  B r i l l o u i n ' s  c a l c u l a t i o n  does n o t  inc lude 
space-charge e f f e c t s ;  and we concur w i t h  t h i s .  A l l  o f  these numerical schemes 
are, however, i n t e r n a l l y  i ncons is ten t  s ince they  use the  "standard1' BTC cou- 
p l i n g  equation which neglects  the  ex is tence o f  a l o n g i t u d i n a l  space-charge 
f i e l d .  

Therefore the  r a t h e r  e laborate c a l c u l a t i o n s  found i n  t h e i r  work a re  n o t  
warranted. We speculate the  freedom t o  vary vo, Zo, C, and d i n  equa- 
t i o n  (H3) permit ted them t o  match wi th  experiments, even though t h e  equat ion 
was more approximate than they had assumed. Some computer programs based on 
Detwe i le r ' s  t hes i s  have been used by NASA i n  t h e  design o f  tubes f o r  space 
app l ica t ions ,  ( p r i v a t e  communication). For completeness we mention t h e  BTC i s  
n o t  l i m i t e d  t o  the smal l  s i gna l  approximation, and t h e  equat ion o f  mot ion i n  
these works i s  w r i t t e n  i n  the  Lagrangian form, r a t h e r  than t h e  Eu le r ian  form 
where t h e  ve loc i t y  i s  t rea ted  as a f i e l d  var iab le .  
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APPENDIX  I - USE OF BTC I N  THE SOLID STATE 

Back i n  1966 Solymar and Ash ( r e f .  21) i nves t i ga ted  the  p o s s i b i l i t y  o f  
cons t ruc t ing  a t r a v e l i n g  wave device using a semiconductor i n  p lace  o f  t h e  
beam. 
by the  a d d i t i o n  o f  terms t o  consider  l a t t i c e  s c a t t e r i n g  and c a r r i e r  d i f f u s i o n  
due t o  f i n i t e  c a r r i e r  temperature. 

They used the  standard BTC along w i th  t h e  equat ion o f  mot ion mod i f ied  

2 k  
VT P 

= -,;,(E, 'KT + Ezsc) - vv - D t  

where v i s  the  c o l l i s i o n  frequency, and VT i s  t h e  thermal v e l o c i t y .  The i r  
d ispers ion  equat ion was 

By a c leve r  method they were  ab le  t o  show the acoust ic  wave a m p l i f i e r  (AWA) has 
a s i m i l a r  d ispers ion.  By matching up terms on t h e  r i g h t  s ides o f  t h e  above and 
t h a t  f o r  t h e  AWA they  were ab le  t o  de f i ne  an--"ef fect ivef i l  ga in  parameter C. 
Using values appropr ia te f o r  t he  exper imenta l ly  working AWA, they  found the  
gain f a c t o r  C t o  be about 10.5. They i n te rp re ted  t h i s  t o  mean t h a t  somehow 
the  c o l l i s i o n s  and/or d i f f u s i o n  provided a t i g h t e r  coupl ing i n  the  s o l i d  s ta te .  
They pred ic ted  ga in  i n  the  device us ing S i  a t  290 K o f  up t o  85 dB/cm a t  1 GHz. 
S u r p r i s i n g l y  they d i d  n o t  g i ve  the  value o f  C used i n  the  c a l c u l a t i o n .  We 
have i n d i r e c t l y  determined they used C = 3.45, by reproducing t h e i r  r e s u l t .  

Et tenberg and Nadan ( r e f s .  22 t o  24) a lso  s tud ied  the  dev ice i n  t h e  same 
manner and i n  one paper they used C = 0.22 ( a l s o  n o t  given, b u t  determined 
i n d i r e c t l y ) ,  w h i l e  i n  Nadan's thes i s ,  t h e  value C = 1.0 was used (see p. 115). 
The i r  f i n a l  paper ( r e f .  23) pred ic ted  no gain u n t i l  t he  frequency was near t h e  
c o l l i s i o n  frequency (about 1000 GHz). Again no value f o r  C was given. 

Recent ly Yu and Eshbach ( r e f .  28) re - inves t iga ted  the  device,  again us ing 
the  same technique. They fo l lowed the work o f  Kino and Reeder ( r e f .  20), (cov- 
ered i n  t h e  next  appendix), and a r b i t r a r i l y  chose K = 10 R. A f t e r  d isappoint -  
i n g  experimental r e s u l t s ,  they  surmised the " reduc t ion  f a c t o r "  was perhaps t o o  
l a rge  i n  the  s o l i d  s t a t e  ( p r i v a t e  communication). 

Thus most i n v e s t i g a t o r s  dea l ing  w i t h  the s o l i d  s t a t e  have apparent ly  n o t  
worr ied about the  neg lec t  o f  inter-bunch f l ux ,  o r  were n o t  aware t h a t  t he  BTC 
rested on t h a t  assumption. Also the  ra ther  i n s i g n i f i c a n t  e f f o r t  t o  at tempt t o  
asce r ta in  C ( o t h e r  than Solymar and Ash), seems t o  p l a y  down the  very impor- 
t a n t  r o l e  t h i s  f i t  parameter serves. I n  other words, t he  theory  r e a l l y  cannot 
be used t o  p r e d i c t  ga in  i n  untested devices, s ince  one has no way t o  judge t h e  
two f i t  parameters. The ga in  per  wavelength tu rns  ou t  t o  be a s e n s i t i v e  func- 
t i o n  o f  t h e  value o f  t h e  f i t  parameters. Not ice Solymar and Ash attempted t o  
asce r ta in  C, bu t  they d i d  no t  a l s o  match-up t h e  space-charge parameters. It 
tu rns  ou t  t h e  equ iva len t  QC i s  complex, wi th magnitude around 10'. Thus t h e  
v a l i d i t y  o f  t h e  match-up i s  h i g h l y  questionable. The reason why t h e  d isper-  
s ion  r e l a t i o n s  match-up i s  t h a t  t he  AWA may a l s o  be modeled as an equ iva len t  
t ransmiss ion l i n e  w i t h  an impressed current .  The phys ica l  mechanisms f o r  ga in  
i n  the  TWT and AWA are, however, very d i f f e r e n t ,  and the  match-up, though 
c lever ,  i s  n o t  j u s t i f i e d .  See reference 47 f o r  more d iscuss ion on t h i s  po in t .  
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APPENDIX J - APPLICATION TO THE RAYLEIGH WAVE AMPLIFIER 

Kino and Reeder ( r e f .  20) developed a coupled o r  normal mode theory f o r  
They used t h e  o r i g i n a l  equations o f  Pierce, t h e  Rayleigh wave amp l i f i e r .  

a l b e i t  i n  d i f f e r e n t  no ta t i on .  
t h e  system i n  the  form 

F i r s t  they assume a p o t e n t i a l  f i e l d  e x i s t s  f o r  

Q = Qa i- Qs 

where Qa i s  t h a t  due t o  t h e  acoust ic  wave, and 'pS i s  due t o  t h e  c a r r i e r s  
i n  t h e  semiconductor. The expression f o r  Qa i s  

which a f t e r  appropr ia te n o t a t i o n  change i s  

o r  t h e  f a m i l i a r  BTC. The expression f o r  'ps i s  

where pSI i s  an equiva lent  surface charge dens i t y  a t  a he igh t  h above t h e  
p iezoe lec t r i c .  The f a c t o r  M(ph) i s  t h e  space charge p o t e n t i a l  f a c t o r .  

The t o t a l  p o t e n t i a l  i s  then w r i t t e n  as 

and a f t e r  a n o t a t i o n  change becomes 

r 1 

Thus t h e  f i r s t  term i s  equ iva len t  t o  -jr/d1 i n  P ie rce ' s  t reatment.  They 
r e l a t e  the z and y components o f  t h e  f i e l d  by 
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which i s  v a l i d  when p = 0. But t h i s  impl ies 

= av/az 

I 

I 

which i s  a t  odds w i t h  t h e  c o n d i t i o n  i n  Pierce's work. 

They in t roduce a reduct ion f a c t o r  R as 

C 

E 
R = - M'(Bah) tanh (Bad) 

0 

M'(Bah) = M 

which p lays t h e  same r o l e  as t h e  C1 

1 +(: - 1)M 

caoaci t o r s .  . -  
aaree somewhat w i t h  experiments, and we t h i n k  t h i s  

-1 

The r e s u l t s  a re  shown t o  
i s  t h e  case due t o  t h e  t h r e e  

e i s e n t i a l l y  f r e e  f i t  parameters i n  t h e  theory; namely u t h e  sur face conduc- 
t i v i t y  (a  q u a n t i t y  almost impossible t o  determine exper imenta l ly ) ,  K r 2  t h e  
e f f e c t i v e  electromechanical coupl ing constant, and h, t h e  very small  (on t h e  
order o f  500 A )  gap between t h e  semiconductor and t h e  p i e z o e l e c t r i c  surface. 

era 
Thus t h e  r a t h e r  elegant theory presented f o r  t h i s  device was based on sev- 
i n c o n s i s t e n t  assumptions t h a t  were not addressed by t h e  authors. 
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TABLE I. - THE SOLUTIONS FOR COCIPLEX r and q FOR 

[ban current I, > 0.1 
SPECIFIC VALUES OF u0, FOR THE EQUATION SET (31) - (34) 

-0.142 
-.2885 
-.364 
-.435 
-.578 
-.686 
-.778 
-.791 
-.710 

d s e c  
2.55~109 
2.60 
2.65 

3.0 
3.4 
3.5 

15.36 93.6 96 0.954 
15.015 82.81 27.75 -973 
14.765 63 22.35 .992 
14.53 50.55 19 1.01 
14.09 35.75 14.5 1.048 
13.715 27.75 12.2 1.085 
13.36 22.67 10.8 1.123 
12.33 12.6 7.69 1.272 
12.13 10.9 6.9 1.31 

TABLE 11. - A COnPARISON OF THE COEFFICIENTS OF QUARTIC POLYNOMIALS FOR THE "FIELD" (W AND JACKSON) 
CALCULATION WITH THOSE OF THE TRANSMISSION LINE NODELS 

Coefficient 

Chu and Jackson 

Pierce 

Conventional 

f-Factor 

4 a 

1 

1 - 4Qc3 

1 

1 

2 a 1 a a 
0 
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(A) HELICAL SHEATH GEOMETRY FOR TW. 

ELECTRON BUNCHES 

f 
r E$C 

I 
k::ll I T -i---t---,ll ---- ;---$---*;I;--$---d 

rz 
-1 

// I t , I  1't . I  t v  I 
I 

L I N E  I 
/ 

LSLOW WAVE CIRCUIT (HELIX) 

Y 

(B) DECOMPOSITION OF TOTAL FIELD INTO CIRCUIT AND SPACE-CHARGE POR. 
TIONS. 
LONGITUDINAL Efk' AND VERTICAL E t k t  COMPONENTS. SPACE- 

CHARGE FIELD LINES ARE E T  AND E:'. 

CIRCUIT FLUX LINES ARE DOTTED. AND THEY EXHIBIT BOTH 

(C) EQUIVALENT TRANSMISSION L INE COUPLED TO BEPA 
V I A  J ' .  POSTULATED RELATION BETWEEN LINE 
VOLTAGE V AND Efk' I S  SHOWN. 

FIGURE 1. - BASIC GEOMETRY. 

(A) BEAM Of RADIUS r b  INSIDE HELICALLY CONDUCTING SHEATH OF 
LENGTH AZ. BOTH LONGITUDINAL CONVECTION CURRENT i AND 
DISPLACEKNT CURRENT jwEO €sC EXIST IN BEAM. 

- AZ- 
'I - i + i ~ z  

i ---:------- I bZ 

(B) SMALL VOLUME USED TO WRITE N O M  EQUATION TO DEVELOP 
J'  (SEE APPENDIX A).  AT BOTTOM IS MODIFIED EQUIVA- 
LENT CIRCUIT Of PIERCE USED TO INCORPORATE "SPACE- 
CHARGE" EFFECTS (SEE APPENDIX A). 

FIGURE 2. - TRANSMISSION L INE MODEL. 
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+ 
+ 
+ 

+ 
+ 
+ I 

I 

FIGURE 3. - POSSIBLE PHASE RELATION BETWEEN E$kt  AND 
E:‘ DURING ENERGY TRANSFER FROM BUNCHED BEN4 TO CIR- 
CUIT. CASE SHOWN IS FOR A= 135’. INTUITIVELY ONE 
EXPECTS 
WAVE GROWTH. 

TO LIE IN THE INTERVAL (go’, 180’) DURING 

qi 

t rr = -0.25 

FIGURE 5. - GENERAL VARIATION OF ‘Ig AND ‘Ic AS ri IS SWEPT 
IN GENERAL ONLY ONE SOLUTION IS FOUND OVER INTERVAL i6. 221. 

FOR A SPECIFIC VALUE OF uo. 

o i  

i 60 rr = -0.25 
15 5 Pi 516 
Uo = 2.6~10’ CWSEC 

I 
j 40 

0 
FIGURE 4. - PLOTS OF ‘Ig (‘Ig IS ‘I IN EQ. (31)) AND ‘It 

(rl IN EQ. (33)) AS ri IS SWEPT OVER INTERVAL [is. 161 
IN INCRENENTS OF 0.1. 

‘li 

t 
jlw - 

is0 - 
i60 - 

j40 - 

20 40 60 80 100 
FIGURE 6. - VALUES OF ‘ Ir AND ‘li THAT 
SATISFY EQUATIONS (31) TO (34) AS A 
FUNCTION OF THE DRIFT VELOCITY uo. 
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(A) LOCI OF TWO W FOUR COMPLEX ROOTS OF EQUATION (31) AS 
uo IS VARIED. VALUES OF uo ARE LISTED I N  TABLE I. 

- 
I I I I 

t 

11 

1 (B) RERAINING ROOTS OF EQUATION (31) WITH THE SAME 
RANGE OF VARIATION FOR uo, 

FIGURE 7. - TRAJECTORY OF CHU ROOTS. 

16 

15 

14 

13 

12 

r1 
CM-' ---- (UPPER) 14.52 ---- (LOWER) 12.17 - "FIELD" SOLUTION 

PIERCE 

FIGURE 8. - LOCI OF GROWING ROOT USING "PIERCE" FORMULATION WITH 
C AND QC AS F I T  PARAMETERS. VALUES OF uo AT SELECTED 
POINTS ARE INDICATED TO A I D  COMPARISON. 
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ri 

t 

- 
I I I I 

r i  

t 

11 

--- (UPPER) 14.52 --- (LOMR) 12.17 - "FIELD' SOLUTION 

I 1 I 

CONVENTIONAL 

- a r  -.8 -.6 -.4 -.2 

FIGURE 9. - GROWING ROOT LOCI FOR 'CONVENTIONAL" APPROACH. 
VARIATION IS SIHILAR TO "PIERCE" FORHULATION. 
PARMTERS ARE C AND R .  

HERE F I T  

SEE HUTTER 
(REF. 11) 

ri 

t 
16 

f = 100 - j22o 

C = 0.18% m0 
g = 0.0115 / 1 6 9 O  

l4 (uo = 2.8~10' CWSEC) 

13 

12 

3.5 

FIGURE 12. - VARIATION OF C W L E X  f = f r  + j f i  
VERSUS uo TO TRACK GROWING ROOT FROM FIELD 
SOLUTION. 
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g i  

- 

- 

- 
C3 FITTED TO 
CHU ROOT 

BEST AVERAGE 
F I T  VALUE 

\ 
* 

,003 

.OO2 

,001 

w 

* 005 1 ,004 

FIGURE 13. - TRAJECTORY OF COMPLEX GAIN PARAETER C3 
AS uo VARIES. THIS CAUSES ROOT TO TRACK FIELD 
SOLUTION ROOT. AT LEFT THE BEST AVERAGE VALUE 
WHICH PROVIDES A REASONABLE TRACKING FOR RANGE 
OF uo. 

RI IC3} 

4 .010 

BEST I 
AVERAGE I 
F I T  -& - -.015 -.010 -.OO5 gr 

FIGURE 14. - VARIATION OF (I-FACTOR WITH Uo. THIS I S  
OBTAINED FROM VARIATION OF f FROM EQUATION (30). 
PHASE ANGLE I S  I N  SECOND QUADRANT AS WOULD BE 
EXPECTED, 

I I 1 
5 10 15  

-10 1 
0 - DISTANCE N' (WAVE NUMBER) 

FIGURE 15. - SKETCH OF FIGURE I N  REFERENCE 3 6  SHOWING 
KASURED SIGNAL LEVEL AS FUNCTION OF DISTANCE ALONG 
TUBE. 
PARMETERS. THESE ARE ESSENTIALLY JUST SLOPE (GAIN 

STRAIGHT LINE F I T  TO DATA YIELD TWO F I T  

PARAPETER) AND INTERCEPT (SPACE-CHARGE PARAETER). 
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( C )  

FIGURE C-1. - PHYSICAL RODEL UNDERLYING SPACE- 
CHARGE REDUCTION FACTOR APPROACH. 

FIGURE 61. - EQUIVALENT CIRCUIT USED BY BOTH BRILLOUIN AND 
ROM TO DEVELOP EQUATIONS FOR TKTs TO LE USED IN LARGE 
SIGNAL CASE. 
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